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Abstract. We proposea refinementapproachto symbolicSCCanalysis,which
performslargepartsof thecomputationonabstractedsystems,andonsmallsub-
setsof thestatespace.For language-emptinesschecking,it quickly discardsun-
interestingpartsof thestatespace;for the remainingstates,it adaptsthemodel
checkingcomputationto thestrengthof theSCCsat hand.
Wepresentageneralframework for SCCrefinement,whichusesacompositional
approachto generateandrefineoverapproximations.Weshow thatouralgorithm
significantlyoutperformstheoneof EmersonandLei.

1 Intr oduction

Checkinglanguageemptinessof a Büchi automatonis a coreprocedurein LTL [12,
17] andfair-CTL modelchecking[13], andin language-containmentbasedverification
approaches[11]. The classicalalgorithm by Emersonand Lei [7] usedin symbolic
modelcheckersis basedon thecomputationof anSCChull [15], while Xie andBeerel
[18] andBloem,Gabow, andSomenzi[1] useSCCdecompositionto decidelanguage
emptiness.

Although the Lockstepalgorithm of [1] hasa bettercomplexity than the one of
EmersonandLei ( �	��

��� versus� � ), thecomparisonpresentedin [15] shows that the
theoreticaladvantageseldomtranslatesin shorterCPUtimes.We presentanalgorithm
thatusesabstractionsto computeanSCCdecompositionof thesystemby refinement.It
combinesthis with known languageemptinessapproachesto form a hybrid algorithm
that sharesthe goodtheoreticalcharacteristicsof Lockstep,while outperformingthe
mostpopularSCC-hullmethods,including the oneof EmersonandLei. This Divide
andComposealgorithm,calledD‘n’C , hasthefollowing features:

1. It is compositional,performingasmuchwork aspossibleonabstractedsystems.
2. It considersonly partsof thestatespaceatany time.
3. It usesthe strengthof a givensetof SCCsin a givensystemto decidetheproper

modelcheckingalgorithm.
�
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We assumethatthemodelis theconjunctionof a largenumberof modules,includ-
ing theBüchi automatonfor theproperty. Our approachexploits propertylocality [11]
by first performingan SCCdecompositionon an abstractionobtainedby composing
a small numberof modules.Then it automaticallyrefinesthe systemby composing
thecurrentabstractionwith oneof thepreviouslyomittedmodules,which enablesit to
refinetheSCCdecompositionin turn.

At any stage,if anSCCof anabstractedsystemdoesnotcontainafair cycle,thenwe
cansafelydiscardthatpartof thestatespace,which meanswe do not have to consider
it in a morerefinedsystem.BecauseeachSCCof asystemis containedin anSCCof a
moreabstractsystem,andbecausewe do not have to considerall SCCs,we canoften
drasticallylimit thepotentialspacein whichafair cyclecanlie. Thisallowsusto make
veryefficientuseof don’t careconditions.

Thestrengthof aBüchiautomaton[10, 2] is animportantfactorin symbolicmodel
checking.Specializedmodel checkingalgorithmsfor weak and especiallyterminal
automataoutperformthe generallanguageemptinessalgorithmof EmersonandLei:�����������
���

canbeusedfor weaksystemsand
�������
���

canbeusedfor terminalones.For
strongautomata,however, ageneralfair cycledetectionalgorithmmustbeused.

Theclassificationof [2] determineswhich modelcheckingapproachto use,based
on the strengthof the Büchi automaton. This may be inefficient becausea Büchi au-
tomatonthatcontainsonestrongSCCandseveralweakonesis classifiedasstrong.Our
approachconsidersthestrengthof eachindividual SCCto decidewhich modelcheck-
ing procedureto use.Furthermore,it usesstrengthreduction: the fact that thecompo-
sition of a strongSCCwith a Kripke structuremaycontainweakSCCs.Our approach
analyzesSCCsasthey arecomputedto takemaximaladvantageof theirweakness.

The restof this paperis organizedas follows. Section2 reviews the background
material.Section4 discussesthe algorithmic framework for SCC refinement,while
Section5 dealswith the compositionalapproach.Section6 discussesthe implemen-
tation details,andpresentspreliminaryexperimentalresults.Theseresultsshow that
the algorithmoften achievessubstantialsavings in memoryandCPU time. Section7
summarizesthecontributionsof thepaperandoutlinespromisingfuturework.

2 Preliminaries

A Strongly-ConnectedComponent(SCC) � of a graph � is a maximalsetof nodes
suchthat thereis a pathbetweenany two nodesin � . An SCC that consistsof just
onenodewithout a self loop is calledtrivial . An SCC-closedsetof � is theunionof a
collectionof SCCs.Thesetof SCCsof � is denotedby  �!"!$#&%���' andis a partitionof
theverticesof � . A partition (*) of + is a refinementof anotherpartition (-, of + if, for
every ./)102(*) , thereexists .1,	03(4, suchthat .	)156.1, .

We modelthesystemswe considerasgeneralizedBüchi automata.

Definition 1. A (labeled,generalized)Büchi automatonis a six-tuple

798;:=<?>@<	AB>DCE>GF2>DHI>DJLKM>
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where N is the finite setof states,N/OQPRN is the setof initial states,STPUNWVXN is
thetransitionrelation, YWP6Z
[ is thesetof acceptanceconditions,\ is thefinite setof
atomicpropositions,and ]_^`N9abZBc is thelabelingfunction.

Notethatwe have definedautomatawith labelson thestates,not theedges.A run
of d is an infinite sequenceegfheiOijGelkmjonpnon over N , suchthat e`Orq9N	O , andfor allsutwv

, xye{z|jDeiz�}~kp��qrS . A run e is accepting(or fair) if, for each��zuqrY , thereexists��� q3��z thatappearsinfinitely oftenin e .
The automatonacceptsan infinite word �9f��lO`jD��k�jpnonon in \�� if thereexists an

acceptingrun e suchthat, for all
s�t�v

, � z qU]uxye z � . The languageof d , denoted
by �1x=dI� , is the subsetof \ � acceptedby d . The languageof d is nonemptyif f d
containsanacceptingcycle: acycle thatis reachablefrom aninitial stateandintersects
all acceptanceconditions.An automatoncontainsanacceptingcycle if f it containsan
acceptingSCC: a reachableSCCthatintersectsall acceptingsets.

A state � is completeif for every ��qW\ thereis a successor��� of � suchthat
��q3]1x ��� � . A setof states,or anautomaton,is completeif all of its statesare.

As is usualin symbolicmodelchecking,given a transitionrelation S , we define�����{� x=���Lf�� �����{��� qX�_^�x � j ��� ��q�S/� , and  l¡@¢ � x=���"f�� �£������� qX�_^*x � j ��� �1q�S/� .
A stepis thecomputationof either

�����i� x=��� or  l¡@¢ � x=��� .
We assumethatall automataaredefinedover thesamestatespaceandagreeon the

statelabels.Communicationthenproceedsthroughthecommonstatespace,andcom-
positionis characterizedby theintersectionof thetransitionrelations:Thecompositiond k VMdI¤IfU¥=N?j@N O jGSEjDY¦j@\�jD]L§ of two Büchi automatad k fW¥¨N�j@N O©k jDS k jGY k jD\IjD]L§
and d�¤�fh¥=N�j�N O ¤�jGS*¤BjDYE¤Bj@\�jD]L§ is definedby N O fUN Oªk$« N O ¤ , SRf�S k�« S�¤ , and
Y¬f­Y k1® YE¤ . Hence,composingtwo automatarestrictsthe transitionrelation and
resultsin theintersectionof thetwo languages.

If the statesof a Büchi automatonare the valuationsof ¯ binary statevariables,
thenlanguageemptinesscanbecheckedby a symbolicalgorithmin °�x � N �|±�² � � N � �"f
°�xy¯BZB³m� steps[1]. We canimprove this boundif we know that theautomatondoesnot
controlsomeof thestatevariables.Specifically, let ´ a finite set(of binaryvariables),
and let dbfµ¥=N�j�N	O
jDSEjGY2jD\IjD]L§ be an automatonsuchthat N­fhZi¶ . Given � q·N
and ¸�q¹´ , let ��º qgN be thestategivenby � ® �&¸�� if ¸g»q � and �	¼ �p¸4� otherwise.
Then d controls ¸ if thereexist � k�j � ¤ qQN suchthat x � kBj � ¤ �$q3S and x � kBj � º¤ �u»q2S . Let
´�½ thesetof variablescontrolledby d . We definetheeffectivenumberof statesof d
as ¾
½¿f�ZlÀ ¶&Á�À . Onecaneasilyshow that languageemptinessfor d canbecheckedin°�xy¾ ½ ±�² � ¾ ½ � stepsby thealgorithmof [1].

We saythat d­Âwd � if NÃfUN � , N O P�N �O , SWPwS � , Y�f�Y � , and ]wfR] � . This
(ratherstrong)conditioninducesapartialorderonautomata,suchthat d�Âgd � implies
�1x�dÄ�LP¹�ux�d � � . If d�Â6d � , wesaythat d � is anoverapproximationof d .

Let ÅwP_N beanSCCof d . We definethestrengthof C asfollows(cf. [10, 2]).

– Å is weakif all cyclescontainedwithin it areaccepting.
– Å is terminal if it is weak,complete,andthereis no edgefrom a nodein Å to any

non-terminalSCC.Terminalityimpliesacceptanceof all runsreachingÅ .
– Å is strong if it is not weak.

Note that the definition of weaknessis more relaxed than that of [10, 2], while still
allowing usto usea linear-timesymbolicmodelcheckingalgorithm.
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WecanorderSCCsaccordingto theirstrength:StrongSCCsarestrongerthanweak
ones,andweakSCCsthatarenot terminalarestrongerthanterminalSCCs.In general,
the weaker an SCC is, the easierit is to decidelanguageemptiness:An automaton
containinga weak(terminal)SCC Æ hasa nonemptylanguageif Ç�ÈEÇ�ÉÊÆÌË�Í	ÎÌÏÐÃÑ
( Ç�È�Æ�ËMÍ	Î3ÏÐ�Ñ ) holds.1 Thestrengthof anSCC-closedsetor of anautomatonis the
maximumstrengthof its acceptingSCCs.

3 Don’t CareConditions

Imageandpreimageusuallyaccountfor mostof theCPUtimein symbolic,BDD-based
modelchecking[4, 13]. Therefore,it is importantto minimizethesizesof therepresen-
tationsof boththetransitionrelation,andtheargumentto the(pre-)imagecomputation.
Thesizeof a BDD is not directly relatedto thesizeof thesetit represents.If we need
not representasetexactly, but caninsteaddetermineaninterval in which it maylie, we
canuseknown techniques[6, 16] to find a setwithin this interval with a small BDD
representation.

Often,we areonly interestedin theresultsasfarasthey lie within a care set Ò (or
outsidea don’t care set Ò ). Sincethesatisfactionof a propertyis only relevantwithin
the setof reachablestatesÓ , we canuse Ó asa careset to addor deleteedgesthat
emanatefrom unreachablestates.By doing this, the imageof a set that is contained
within Ó remainsthesame.Likewise,thepartof thepreimageof aset Æ thatintersects
Ó remainsthesame,evenif we addunreachablestatesto Æ . This useof Ó ascareset
dependson thefactthatno edgesfrom reachableto unreachablestatesareadded.

Thealgorithmof Section4 manipulatessmallportionsof thestatespace,definedby
SCC-closedsets.Thisallowsusto usecaresetsthatareoftenmuchsmallerthantheset
of reachablestates,andthusto increasethechanceof finding smallBDDs.We cannot
usethe approachoutlinedfor the reachablestates,sincetheremay be edgesfrom an
SCC-closedsetto otherstates.We show herethat in orderto usearbitrarysetsascare
setsin imagecomputation,a ‘safety zone’ consistingof the preimageof the careset
needsto bekept;similarly for preimagecomputation.

Theorem1. Let Í bea setof statesand let ÔUÕ9ÍWÖ�Í bea transitionrelation.Let
Ò�ÕgÍ bea careset, ×RÕ6Ò a setof states,

ÔrËÌØ�Ò�Ö3Ò�Ù1ÕÚÔ�Û�Õ¹ÔÝÜ�Ø ÒbÖ3ÍIÙ*Ü�Ø¨Í�Ö ÒÌÙ©Þ and

×RÕ6× Û Õg×¿Ü ßlà@áoâ4ãDØ�ÒÌÙMä
Then,å�æ�çiâ-ã|Ø�× Û Ù�Ë2Ò Ð å�æÊç{â�Ø=×ÄÙ�Ë2Ò .

Proof. First, supposethat è�Û�é;å�æÊç â-ã Ø�×ÄÛêÙëËrÒ , and let èìéR×IÛ be suchthat è�Û?é
å�æ�ç{â ã Øîí&èiï�ÙëËÚÒ . Since è�Û�éUÒ , we have èðé�ß�àDáoâ ã Ø=Ò�Ù . Hence, èðéU×IÛ implies
è?é�× , and è{Þ@è Û é�Ò , which meansthat è Û éQå�æ�ç{âëØ|í&èiïmÙñË3Ò . Finally, è�é�× implies
è�ÛLéÝå�æ�ç{âëØ=×ÄÙ�ËMÒ . Conversely, supposethat è�ÛLé¹å�æ�ç`â$Ø�×ÊÙ�ËMÒ , andlet è�éÚ× be
suchthat è�Ûñé�å�æ�ç{â�ØîímèiïmÙ�Ë3Ò . Now è{Þ@è�Û�é�Ò , andhenceè�Û�éMå�æÊçiâ ã ØîímèiïmÙ�Ë3Ò , and
sinceèÊé2×ÄÛ , è�Û*é3å�æ�ç â ã Ø=×IÛêÙ�Ë2Ò . òó

1 ôlõ�ö is thesubsetof ÷ from which ö is reachable,while ôiøuö is thesetof statesin ÷ that
aretheoriginsof infinite pathsentirelycontainedin ö .
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Hence,we canchooseù�ú and ûIú to besetswithin thegiveninterval thathave a small
representation,2 andusetheminsteadof ù and û . Throughsymmetry, wecanprovethe
following theorem.

Theorem2. Let ü be a set of statesand let ùþýµü ÿ¹ü . Let
� ýµü , û ý �

,ù���� � ÿ ��� ýgù�ú�ýgù���� � ÿ�ü � �	�¨üðÿ ���
, and ûRýgûIúñýgû
� �
��������� ���

. Then,����� � ����ûIú � � ��� ����� � �=û � � �
.

Edgesareaddedto andfrom theset
�

(outside
�

) andthesafetyzonefor (pre-)image
computationexcludestheimmediate(successors)predecessorsof

�
. Notethattheva-

lidity of theaforementioneduseof the reachablesetascaresetfollows asa corollary
of thesetwo theorems.

4 SCC Refinement

This paperdescribesa hybrid algorithm for fair cycle detectionthat combinesSCC
refinementwith moreclassicalalgorithms—like theoneof EmersonandLei [7]—that
computeanSCChull [15]. We shallheredescribethegeneralframework, andin later
sectionsweshalldiscusstheimplementationchoicesthatwehavemade.Therefinement
processesusesa setof overapproximationsof the system.We separatethegeneration
of theoverapproximationsfrom their use;themethodpresentedhereworksfor any set
of overapproximations.

4.1 Refinement

Thecoreof our refinementapproachis expressedby thefollowing theorem.

Theorem3. Let � be a Büchi automaton,and let ��� �"!#!"!#���%$'&(� be overapproxi-
mations.Then,)+*,*.-/�0� �

is a refinementof
1 2 � ��3#3"3"� 2 $54 2 �76 )+*,*.-/�0� � � �"!#!"!#� 2 $�6 )+*,*.-"�8� $ �:9,;=< !

In particular, the setof SCCsof � is a refinementof the setof SCCsof any overap-
proximation�Iú of � . Hence,anSCCof ��ú is anSCC-closedset(but notnecessarilyan
SCC)of � . This theoremallows usto graduallyrefinethesetof SCCsuntil we arrive
at theSCCsof � .

Oneof thebenefitsof this approachis thatwe canoftendecideearly thatanSCC-
closedsetdoesnot containan acceptingcycle. This allows us to trim the statespace
beforeconsideringtheexactsystem,keepingaroundonly ‘suspect’SCCs.

Observation 4 Let
2

bean SCC-closedsetof � . If
2 �	>@? �A<

for any >B? 6DC , then2
hasno statesin commonwith anyacceptingcycle.

We alsohave thefollowing strength-reductiontheorem,which allows usto usespecial
algorithmsfor weakandterminalautomatawithoutanalyzingthecompletesystem.

2 Theactualuseof don’t careinformationfor thetransitionrelationis asymmetric:Weaddedges
out of don’t carestates,but not into them.This is dueto theusefulminimizationsthatcanbe
performedona partitionedtransitionrelation.
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Theorem5. Let E and E%F beBüchi automatawith EHGIEJF , andlet E becomplete. IfK
is a weak(terminal)setof EJF , then

K
is a weak(terminal)setof E .

The strengthof a strongSCC-closedsetmay actuallyreducein going from EJF to E .
For example,a strongSCCmaysplit into two weakones.

4.2 Algorithm

Theresultsof Section4.1motivatethealgorithmGENERIC-REFINEMENT of Fig.1.The
algorithmtakesasargumentsa Büchi automatonE anda set L of overapproximations
to E , which includesE itself. The relation G on L is not requiredto be a total order.
Thealgorithmreturnstrueif anacceptingcycleexistsin E , andfalseotherwise.

The algorithmkeepsa setWork of obligations,eachconsistingof a setof states,
the seriesof approximationsthat have beenappliedto it, andan upperboundon its
strength.Initially, the entirestatespaceis in Work, and the algorithmkeepslooping
until Work is empty or a fair SCC hasbeenfound. The loop startsby selectingan
element M8NPO�LQFRO:S/T from Work anda new approximationE%F from L . If EJFVUWE , the
algorithmmaydecideto runastandardmodelcheckingprocedureon theSCCathand.
Otherwise,it decomposesN into acceptingSCCs,andafter analyzingtheir strengths,
addsthemasnew Work. Thealgorithmusesseveralsubroutines.

SubroutineSCC-DECOMPOSE, takes an automatonE%F and a set N , intersectsthe
statespaceof EJF with N to yield a new automatonEJF F , andreturnsthe setof accept-
ing SCCsof E FXF . Note that an SCCof E FXF is not necessarilyan SCCof E F . The sub-
routinediscardsany unfair SCCs,asjustifiedby Observation4. SubroutineANALYZE-
STRENGTH returnsthestrengthof thesetof states.(SeeSection2.)SubroutineMODEL-
CHECK (shown) returnstrue if f a fair cycle is found using the appropriatemodel-
checkingtechniquefor thestrengthof thegivenautomaton.

The way entriesandapproximationsarepicked is not specified,andneitheris it
statedwhenENDGAME returnstrue.Thesefunctionscandependon factorssuchasthe
strengthof the entry, the approximationsthathave beenappliedto it, andits orderof
insertion.In latersectionsweshallmakethesefunctionsconcrete.

It followsfrom Theorem3 thatatany pointof thealgorithm,for any entry MRNYO�LZF0O:S T
of Work, N is an SCC-closedset of E . At any point, the setsof statesin Work are
disjoint.Terminationis guaranteedby thefinitenessof L andof thesetof SCCsof E .

Whendecomposingan SCC-closedset N , we canusethe complementof N asa
don’t careconditionasdiscussedin Section3. BecauseN maybesmall in comparison
to [ , thismayleadto a significantimprovementin efficiency.

The SCC-refinementalgorithm computesmuch of the neededinformation about
theSCCsof a systemon overapproximationsof it. Becausetheseoverapproximations
areoftenmuchsimplerthantheconcretesystem,this approachmaybevery efficient.
BecausetheSCCsof a systemarea refinementof theSCCsof any overapproximation,
any computationon an overapproximatesystemdivides the statespaceinto several
components,someof which are thrown away without consideringthem in the exact
system,andsomeof whichareanalyzedfurtherin isolation.

At any point in time,we keeparoundanoverapproximationof thereachablestates
to discardunreachableSCCs.Whenever we refinethe system,we computethe setof
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type Entry= record\
; // An SCC-closedsetof ]^`_
; // Setof approximationsthathave beenconsidereda // Upperboundon thestrengthof theSCC

end

MODEL -CHECK bc]Vd \ d afehg // Automaton] , SCC-closedset
\

, andits strengtha
casea of

strong:return ikjmlon�prq.b \ e.stvu ; //call Emerson-Lei
weak:return i j lon�wQnxp@b \ e=styu ;
terminal:return i j l�n�wxb \ e=stvu

esacz

GENERIC-REFINEMENT bc]Vd ^ ehg // Büchiautomaton] t|{ i}dhi j d�~�d��%dh��dh�@� , and
setof overapproximationŝ with ]�� ^

var
Work: setof Entry;

Work = g b�i}d u d stronge z
while Work stvu do

Pickanentry � t b \ d ^`_ d afe from Work;
Choose] _ � ^

suchthatthereis no ] _ _ � ^m_
with ] _ _�� ] _

;

if ] _ t ] and ENDGAME b \ d afe then
if MODEL -CHECK bc]Jd \ d afe then

return true
fi

else�
:= SCC-DECOMPOSE b \ d�] _ e ;

if
� stvu and ] _ t ] then

return true
else

for all �|� �
doa := ANALYZE-STRENGTH b0�.d�] _ e ;

insert b0�=d ^ _�� g ] _ z d a#e in Work
od

fi
fi

od
return falsez

Fig.1. ThegenericSCC-refinementalgorithm
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reachablestatesanew, limiting the searchto theoverapproximationthatwasobtained
before.For thiscomputation,wecanusetheoverapproximationascareset.Thisscheme
computesreachabilitymultiple times,but [14] hasshown that the useof approximate
reachabilityinformationasa caresetmaymorethancompensatefor that.

4.3 Underapproximations

Therefinementapproachthatwehavepresentedcanbeextendedto theuseof underap-
proximations.Let ��� and �J� beunderapproximationsof � . First, asoverapproxima-
tionscanbeusedto discardthepossibilityof anacceptingcycle,underapproximations
canbeusedto asserttheirexistence:if ��� containsanacceptingcycle, thensodoes� .

Furthermore,if ananSCC �,� of ��� andanSCC �Z� of �J� overlap,then � contains
an SCC �����=�7�y�.� . SCC-decompositionalgorithms[18, 1] computeeachSCC
startingfrom a seed.Theseedis usuallya singlestate,but, in orderto find � , we can
use � � ��� � . Hence,we canavoid therecomputationof � � or � � , anduse � � �	� � as
a don’t careset.

5 Composition

The SCCrefinementalgorithmdescribedin Section4 is genericbecauseit doesnot
specify:(1) Whatsetof overapproximations� of theBüchi automaton� is available;
(2) The rule to selectthenext approximation�J� to beappliedto a set � ; (3) Thepri-
ority functionusedto choosewhatelementto retrieve from theWork set;and(4) The
criterion usedto decidewhento switch to the endgame.Thesefour aspectsmake up
a policy; the first threearethe subjectof this section,while the fourth is discussedin
Section6.

5.1 Choiceof the Approximations

We assumethat � is the compositionof a setof modules� �¢¡ �
�¤£#¥#¥"¥¦£§�v¨�© , and
thattheset � of overapproximationsconsistsof thecompositionsof subsetsof � :

�|ª«¡ �v¬c­�®�¯"¯#¯°®	�v¬²±�³x¡"´ � £#¥"¥#¥`£�´8µ¶©Jª«¡¶·�£"¥#¥"¥�£�¸Y©�©¹¥
More flexible strategies(e.g.,[9]) may generatelarger setsof approximationsandbe
compatiblewith our approach,but weshallnot discussthemfurther.

We alsoassumethatthestatesof � arethevaluationsof a setof º binaryvariables»
; andthatthesetsof variablescontrolledby eachmodule �v¬ arenonemptyandform

a partitionof
»

. Hence,̧½¼
º andfor each�%�¦¾�� distinctfrom � , ¿¤À¶ÁBÂY¼¹À�Á .
The set of all overapproximationsgeneratedfrom subsetsof � forms a lattice,

shown in Fig. 2 for ¸¹�ÄÃ . In the caseillustratedby this figure, the coarsestapproxi-
mation,which is the setof no modules,is the 1 of the lattice. (This approximationis
never usedin practice.)The exact systemis the compositionof all four modules.For
sufficiently large ¸ , it is impracticalto make useof all ¿ ¨ overapproximations;conse-
quently, we shallonly considerefficient policies,in which a givenstateis containedin
thesetpassedto SCC-DECOMPOSE Å�Æ�ºÈÇ times.
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É�ÊQËVÉ�Ì

Í

ÉÏÎ É�Ð É Ê É Ì

É Î ËVÉ Ð É Î Ë}É�ÊÑÉ Ð ËVÉ�ÊÒÉ Î ËVÉ�ÌÒÉ Ð Ë}É�Ì

1 module

2 modules

4 modules

3 modules

0 modules

ÉÏÎ@Ë}É Ê Ë}É Ì É�Ð�ËJÉ Ê Ë}É Ì

É Î ËJÉ Ð ËVÉ�ÊQË}É�Ì

ÉÏÎ@ËVÉ�Ð�Ë}É Ê ÉÏÎ@Ë}É�Ð�ËJÉ Ì

Fig.2. Latticeof approximations

Specifically, we shall stipulatethat thereis a constantÓ , suchthat Ô canbe parti-
tionedinto subsetsÔ.Õ¤Ö#×"×#×¦Ö�ÔZØ satisfyingthefollowing conditions:(1) Ù ÔQÚ§ÙxÛIÓ ; (2) for
every ÜJÝmÞ5ÔZÚ , ß¶àBáYÛ|â Ú ; (3) ÜÄÞ	ÔZØ .

Two casesareillustratedin thefigure.In bothcases,ãåä Õ Ö"×#×#×mÖRä/æ�ç is a permutation
of ã�è�Ö#×"×#×`Ö�émç thatidentifiesa linearorderof themodules.At theleft of thefigure(solid
thick lines), the algorithm of Fig. 1 usesa popcorn-linepolicy with ãåä Õ Ö"×#×"×¦ÖRä"ê/ç�ë
ãhè�Ö:âìÖ§í�Ö�îxç and Óoëïè . Theapproximationsare:

ÔvëAð/Ü%Úmëòñ�ó�ôöõ�÷"÷#÷�õ�ñ�ó�ø=ÙìèVÛ
ùQÛ'éYú¹×
Whenanentry ûAëüã8ýPÖ�Ô Ý Ö§þ ç is retrievedfrom Work, the Ü Ú of lowestindex thatis not
presentin ÔQÝ is chosenasthenext approximationÜJÝ .

At the right (thick grey lines), â¤é�ÿ�è approximationsareusedin a lightning-bolt
policy, for which Ó�ëòâ :

Ô
ë ð Ü � Ú��¦Õ ë�ñ ó ôöõ½÷"÷#÷�õ�ñ ó ø.ÙxèVÛ¹ù�Û¹éYú � ð/Ü � Ú ëòñ ó ô���ô7ÙxèVÛ¹ù��¹éYú¹×
Theselectionof ÜJÝ is doneasin thepreviouscase.

In Fig. 2, theorderof themodulesis ã0î+Ö§â�Ö�í+Ö#è/ç . Theapproximationsare:

Ü Õ ëòñ ê�Ö Ü � ëòñ � Ö
Ü
	öëòñ êJõ�ñ � Ö ÜVêöëòñ�	ÈÖ
Ü
�öëòñ êJõ�ñ � õ�ñ
	ÈÖ Ü
��ëòñ Õ Ö
Ü
�öëòñ êJõ�ñ � õ�ñ
	}õ	ñ Õ ×

In bothcases,thenumberof timesa stateis in thesetpassedto SCC-DECOMPOSE

is boundedby the numberof approximationsin Ô . Thereforea popcorn-linepolicy
tendsto call SCC-DECOMPOSE fewer times,but a lightning-bolt policy may breakup
theSCC-closedsetswith easyapproximations( ð/Ü � Ú ú ) beforeapplyingto themharder
approximations( ð/Ü � Ú��`Õ ú ). Therefore,it tendsto uselessmemory.
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5.2 Complexity

Therefinementalgorithmdescribedthusfarcannotimprovetheworst-casecomplexity
of thelanguageemptinesscheck.Indeed,if all approximationsdistinctfrom � consist
of onefair SCC,no benefitcomesfrom the incrementalSCCanalysis.Underthestip-
ulatedconditions,however, it is easyto show thattheincrementalapproachis within a
constantfactorfrom thenon-incrementalone.

Theorem6. If thesetof approximations� canbepartitionedinto subsets�����������������
such that, for someconstant� , (1) � �! "�$#%� ; (2) for every �
&(')�� , *,+.-!#0/  ; and(3)
�1'2��� , thenthegenericrefinementalgorithmrunsin 354�*,+7698,:�*;+�< steps.

Proof. Thecostof SCCanalysisfor �
& is boundedby =>*,+.-?698,:�*,+.- , for someconstant
= . Hence,thecostof analyzingall approximationsand � itself is boundedby

=>* + 6@8;:�* + 4A�CBD�FEG/HBI�FE�JKBML�L�L�BD�NE,/ � <O�

which is boundedby /,�N=>*,+7698,:!*,+ . PQ
While we cannothopefor an improvedrun time in theworstcase,we canexpectthat
the refinement-basedapproachwill be beneficialwhenthe statespacebreaksup into
many smallSCC-closedsets.In particular, we canprovethefollowing result.

Theorem7. Under the assumptionsfor � of Theorem6, if for someconstantR , the
pairs 4AS(���T&9< passedto SCC-DECOMPOSE satisfy � SU�F#%RF* + E�* +.- , thenthe refinement
algorithmrunsin 354�* + < time.

Proof. The analysisof � consistsof the decompositionof SCC-closedsetsof size
boundedby R . Their numberis linear in * + , andeachdecompositiontakesconstant
time.Hence,thetotal timefor theanalysisof � is 354�* + < . If � VW� is thenumberof states
in SCC V of �
& , then � VW� * + -XE�* + is theeffectivesizeof V . Thecostof analyzing�
& is
therefore354�* + -X< . With reasoninganalogousto theoneof Theorem6,onefinally shows
thatthetotal time is also 354�*,+H< . PQ

Anotherreasonwhy the refinement-basedapproachmay significantlyoutperform
otheralgorithmsis becauseit candiscardlarge partsof the statespaceassoonas it
establishesthat they intersectno fair cyclesby applyingObservation4. Theadvantage
dueto this ability to prunethesearchcanbearbitrarily large.

5.3 DecompositionTrees

The popcorn-lineapproach,definesan SCCdecompositiontreelike the oneof Fig. 3
thathighlightsthepotentialadvantagesof SCCrefinement.Thefigurecorrespondsto a
modelof eightdiningphilosophers,with apropertythatstatesthatundergivenfairness
constraints,if a philosopheris hungry, sheeventuallyeats.Thesystemhasninemod-
ules.(Thepropertyautomatonbesidesthephilosophers.)Thepropertypasses,i.e., no
fair cyclesexist in thesystem.Thetreeof fair SCCsis shown. Thenodesat Level Y are
theSCCsof �
 . ( �Z� is thepropertyautomaton.)Thesizeof eachSCCis given; there
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Fig.3. SCCrefinementtree

areabout47k reachablestates.Notethatonly very smallsetsof statesremainafterthe
first four modules3 arecomposed,andthatvery little work is doneon theexactsystem.
Theeffective sizeof eachSCCis alsoshown in parentheses.Sincetheeffective sizes
correlateto theactualcomputationaleffort, thenumbersof Fig. 3 show thatthecostis
quitemodestat all levelsof refinement.

To defineapolicy weneedto specifytheorderin whichelementsareretrievedfrom
theWork set.Two obviouschoicesareFIFOandLIFO order. As onewouldexpect,the
SCCrefinementtreeis traversedin breadth-firstmannerfor aFIFOorder, andin depth-
first mannerfor aLIFO order. When,asin Fig.3, therearenofair cyclesin [ , theorder
in which the treeis visited is immaterial.However, in the presenceof fair cycles,one
strategy may leadto earlierterminationthanthe other. If oneassumesthat fair cycles
arenumerous,thendepth-firstsearchis particularlyattractive.Breadth-firstsearch,on
theotherhand,canbeimplementedwith low overhead.

6 Implementation and Experiments

Wedescribeheredetailsof two implementedpoliciesfor theSCCrefinementalgorithm
D‘n’C, andof the experimentswe ran.Both versionsimplementthe popcorn-lineap-

3 Thesefour modulesarethe propertyautomaton,the philosophernamedin the property, and
hertwo neighbors.
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proach,with breadth-firstsearchof theSCCrefinementtree.Bothheuristicallypartition
the systemto be verifiedaccordingto the strategy of [9]. They thensort the modules
accordingto their distancesfrom thestatevariablesof thepropertyautomaton.

The two policiesdiffer in when they switch to the endgame:The first policy de-
emphasizescompositionalityin comparisonto strengthreductionby performingonly
two levelsof composition.At the first level it computesthe SCCsof the propertyau-
tomaton,andat thesecondlevel it composesall theothermodulesof thesystem.

Thesecondpolicy triesto exploit thefull compositionalityimpliedby Figs.2 and3.
For easeof reference,we refer to the first policy asthe Two-level method,andto the
secondastheMulti-Levelmethod.

In bothpolicies,if any fair SCCsarepresent,the algorithmcheckstheir strength.
If any of themareweak,they aregroupedtogether, andthe exact systemis checked
for cycleswithin theseSCCs.Theunderlyingassumptionis thatmodelcheckingweak
SCCsis muchcheaperthanmodelcheckingstrongSCCs.If D‘n’C findsa cycle in the
exact system,it terminates,otherwiseit discardstheseSCCs.If no SCCsarepresent,
thealgorithmalsoterminates:thereareno cycles.Otherwise,theapproximatesystem
is refined.

TheMulti-Level methodheuristicallystopstherefinementat somepoint, andthen
immediatelycomposesall theremainingmodules,thusproceedingdirectly to theexact
system.Right now we areusinga simpleheuristic—westoplinear compositionafter
30% of the latcheshave beencomposed,andthen“jump” to the the exact systemto
limit overhead,andto avoid having toomany fair SCCsin thefull SCCrefinementtree.
Oncetheexactsystemis reached,theVis implementationof theEmerson-Leialgorithm
is appliedto eachof its SCC-closedsets.

Our algorithmis implementedin Vis-1.4 [3], andthe resultsof Table1 wereob-
tainedby appropriatelycallingthestandardLanguageEmptinesscommandof Vis.SCC
analysisis performedwith theLockstepalgorithmof [1] implementedasdescribedin
[15]. In Table1, all exampleswererun with the samefixed order(obtainedwith dy-
namicvariablereordering).For thesamesetof modelsandpropertyautomata,we also
obtaineda secondtable,with dynamicvariableorderingturnedon for eachexample.
Similarly, we obtaineda third table,using the EL2 variantof the Emerson-Leialgo-
rithm [8]. Sincethe characterof the resultswasnot significantlydifferent,thesecond
andthird tableswereomittedfor brevity.4 All experimentswererun on anIBM Intel-
listationrunningLinux with a400MHzPentiumII processorwith 1GB of SDRAM.

The tablehasfour columns.The threefields of the first columngive the nameof
the example,a symbol indicatingwhetherthe formula passes(P: no fair cyclesexist)
or fails (F: a fair cycle exists), and the numberof binary latchesin the system.The
threefieldsof the secondcolumn,obtainedby directly applyingthe Vis Emerson-Lei
algorithm,give: (1) thetime it took to run theexperiment(Time/Out(T/O) indicatesa
runtimegreaterthan14400s);(2) thepeaknumberof liveBDD nodes(in millions—the
datasizelimit wassetto 750MB); and(3) the total numberof preimage( \^] ) / image
( \^_ ) computationsneeded.

4 The only exceptionto the statementwasthe fact that the examplenmodem1took only 209
secondswith EL2, versus4384for theoriginalEmerson-Leialgorithm.
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Table 1. Experimentalresults

Emerson-Lei D‘n’C D‘n’C
(Vis LE) Two-Level Multi-Level

Circuit P/ latchTime Bdd `?a / `Gb Time Bdd `?a / `?b time Time Bdd `?a / `?b time
andLTL F num (s) (M) (s) (M) ratio (s) (M) ratio
bakery1 F 56 212 5.1 5337/0 31 1.3 354/4 14% 27 1.3 484/328 12%
bakery2 P 49 69 3.4 526/0 20 1.3 10/4 28% 20 1.3 62/73 28% n
bakery3 P 50 421 14 1593/0 46 2.5 90/4 10% 43 1.8 537/428 10%
bakery4 F 58 T/O - -/- 1950 3.4 1088/5 c 13% 1337 4.7 947/96 c 9%
bakery5 F 59 T/O - -/- 1009 6.1 127/5 c 7% 623 6.1 216/243 c 4%
eisenb1 F 35 23 1.0 416/0 16 0.9 21/4 69% 16 0.9 21/4 69%
eisenb2 F 35 T/O - -/- 4800 8.2 162/5 c 33% 1683 7.7 105/93 c 11% w
elevator1 F 37 210 14 163/0 49 2.8 132/9 23% 41 2.2 155/31 19%
nmodem1P 56 4384 11 5427/0 192 1.1 992/4 4% 233 0.6 5007/71 5%
peterson1F 70 17 1.1 24/0 20 1.3 19/4 117% 21 1.2 157/173 123%
philo1 F 133 371 12 258/0 7 0.2 8/12 1% 7 0.2 8/12 1% w
philo2 F 133 73 2.8 557/0 30 1.3 258/5 41% 12 0.5 25/44 16% w
philo3 P 133 T/O - -/- T/O - -/- - 115 1.2 993/224 c 1%
shamp1 F 143 44 2.1 8/0 103 5.6 9/6 234% 87 2.2 266/280 197%
shamp2 F 144 T/O - -/- 1892 16. 74/6 c 13% 101 2.9 345/349 c 1%
shamp3 F 145 T/O - -/- 337 4.4 19/17 c 2% 335 4.4 19/17 c 2% w
twoq1 P 69 12 0.4 25/0 4 0.1 7/9 33% 4 0.1 7/9 33% n
twoq2 P 69 241 8.9 175/0 27 0.8 91/5 11% 30 0.9 181/95 12%

Thesesamefield descriptorsalsoapplyto thethirdandfourthcolumns(for theTwo-
Level andMulti-Level versionsof the D‘n’C algorithm),exceptthat the latter hasan
additionalfield thatindicateshow theverificationprocessterminates:‘n’ meansthatthe
algorithmarrivesat someintermediatelevel of the refinementprocessin which there
no longerexists any fair SCC; ‘w’ meansthat thereis a weakfair SCCfound andit
containsa fair cycle.

The propertyautomatabeingusedin the experimentaretranslatedfrom LTL for-
mulae.In orderto avoid biasin favor of our approach,eachmodelis checkedagainst
a strongLTL propertyautomaton.Notethat thepresenceof then or w in the lastfield
demonstratesthatbothpruningof the SCCrefinementtreeandstrengthreductionare
active in theseexperiments.

We first comparethe D‘n’C algorithmto the oneby EmersonandLei. With only
threeexceptionsout of 18 examples,the rows of thetableindicatea significant(more
thana factorof 2) performanceadvantagefor theD‘n’C algorithm.

ComparingtheTwo-Level andMulti-Level versions,oneseesthaton theseexam-
ples,with four exceptions(eisenb2,philo2,philo3,andshamp2),thetwo policiesgive
comparableperformance.Wethink thatthis is becausemostof ourexamplesaresimple
mutual-exclusionandarbitrationprotocols,in which thepropertieshave little locality.
We expectthecompositionalalgorithmto do evenbetteron modelswith morelocality,
andwearestill enlargingthediversityof oursampleset.Ontheotherhand,onecansee



14

thatthegreatercompositionalityof theMulti-Level versionprovesits worth,especially
on thelargerexamples.

7 Conclusions

In this paperwe have presenteda hybrid algorithmfor fair cycle detectionthat uses
abstractionsto graduallyrefinetheSCC-closedsetsof a systemto its SCCs.We have
shown a generalframework for SCCrefinementandwe have discusseddifferentpoli-
cies,basedon thetraversalof a latticeof overapproximatesystems.Our algorithmhas
the advantagesof being compositional,consideringonly partsof the completestate
space,andtakinginto accountthestrengthof anSCCto decidethepropermodelcheck-
ing algorithm.

We have implementedtwo policies.In comparisonto theoriginal Emerson-Leial-
gorithm,ourexperimentalresultsdemonstratesignificantandalmostconsistentperfor-
manceimprovement.This indicatesthe importanceof all threeimprovementfactors
built into D‘n’C: (1) SCCrefinement,(2) compositionality, and(3) strengthreduction.
Thoughthecompositionalapproachdoesnot improve theworst-casecomplexity over
thealgorithmof [1], wehave identifiedconditionsunderwhich theproposedalgorithm
runsin lineartime.

TheD‘n’C algorithmcanbehighly parallelizedby assigningdifferententriesfrom
theWork list to differentprocessors.Processorsthatdealwith disjointsetsof stateshave
minimal communicationandsynchronizationrequirements.Although,thealgorithmis
gearedtowardssymbolicmodelchecking,SCCrefinementcanalsobecombinedwith
explicit stateenumerationapproaches.

The experimentalresultsshow that even the simpler Two-Level policy performs
very well in comparisonto the Emerson-Leialgorithm.On all examples,the Multi-
Level versionof D‘n’C is eithersuperiorto, or comparableto the Two-Level version.
We have notedthat superiorityoccursfor the larger examples,andwe speculatethat
D‘n’C will ultimatelybe ableto handlesomesignificantly largerexamples.The sim-
plicity of theimplementedpoliciesin comparisonto thegeneralityof Sections4.1and5
suggeststhat thereare many promisingextensionsand variationsthat so far remain
experimentallyunexplored.Among these,the joint applicationof over- andunderap-
proximationsis of specialinterest.Severaliterativeapproachesto modelcheckinghave
beenproposed[11, 9, 5]. Theseapproachesdo not carry theSCCdecompositionfrom
one level of refinementto the next. On the otherhand,they usecounterexamplesto
guiderefinement—somethingthat is currentlymissingfrom our implementation,and
thatcouldimproveits effectiveness.
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