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Abstract. We proposea refinementapproachto symbolicSCCanalysiswhich

performslarge partsof the computatioron abstractedystemsandon smallsub-
setsof the statespace For language-emptinesshecking,it quickly discardsun-

interestingpartsof the statespacefor the remainingstatesjt adaptsthe model

checkingcomputatiorto the strengthof the SCCsat hand.

We presentageneraframeawvork for SCCrefinementwhich usesacompositional
approacho generatendrefineoverapproximations/Ve shaw thatour algorithm

significantlyoutperformghe oneof EmersorandLei.

1 Intr oduction

Checkinglanguageemptinessof a Biichi automatoris a core procedurein LTL [12,
17] andfair-CTL modelchecking[13], andin language-containmebgsedverification
approache$ll]. The classicalalgorithm by Emersonand Lei [7] usedin symbolic
modelcheclersis basedon thecomputatiorof an SCChull [15], while Xie andBeerel
[18] andBloem, Gabav, and Somenzi[1] useSCCdecompositiorio decidelanguage
emptiness.

Although the Lockstepalgorithm of [1] hasa bettercomplexity thanthe one of
EmersorandLei (nlogn versusn?), the comparisorpresentedn [15] shovs thatthe
theoreticaladvantageseldomtranslatesn shorterCPUtimes.We present@analgorithm
thatusesabstractionso computean SCCdecompositiorof thesystenby refinementlt
combineshis with known languageesmptinesspproacheso form a hybrid algorithm
that shareshe goodtheoreticalcharacteristicof Lockstep,while outperformingthe
most popular SCC-hullmethods,ncluding the one of Emersonand Lei. This Divide
and Composalgorithm,calledD‘n’C, hasthefollowing features:

1. It is compositionalperformingasmuchwork aspossibleon abstractedystems.

2. It consideronly partsof the statespaceatany time.

3. It usesthe strengthof a givensetof SCCsin a given systemto decidethe proper
modelcheckingalgorithm.

* This work wassupportedn partby SRCcontract98-DJ-620andNSFgrantCCR-99-71195.



We assumehatthe modelis the conjunctionof a large numberof modulesjnclud-
ing the Blichi automatorfor the property Our approactexploits propertylocality [11]
by first performingan SCC decompositioron an abstractionobtainedby composing
a small numberof modules.Thenit automaticallyrefinesthe systemby composing
the currentabstractiorwith oneof the previously omittedmoduleswhich enablest to
refinethe SCCdecompositiornin turn.

At ary stagejf anSCCof anabstractedystendoesnotcontainafair cycle,thenwe
cansafelydiscardthatpartof the statespacewhich meanswve do not have to consider
it in amorerefinedsystemBecauseachSCCof a systemis containedn anSCCof a
moreabstracsystemandbecauseave do not have to considerall SCCs,we canoften
drasticallylimit thepotentialspacan whichafair cycle canlie. Thisallows usto make
very efficientuseof don'’t careconditions.

Thestrengthof a Buichiautomatori10, 2] is animportantfactorin symbolicmodel
checking. Specializedmodel checkingalgorithmsfor weak and especiallyterminal
automataoutperformthe generallanguageemptinessalgorithm of Emersonand Lei:
EF EG fair canbeusedfor weaksystemsandEF fair canbe usedfor terminalones For
strongautomatahowever, ageneraffair cycle detectionalgorithmmustbe used.

The classificationof [2] determinesvhich modelcheckingapproacho use,based
on the strengthof the Biichi automaton This may be inefficient becausea Biichi au-
tomatonthatcontainsonestrongSCCandseveralweakonesis classifiedasstrong.Our
approactconsiderghe strengthof eachindividual SCCto decidewhich modelcheck-
ing procedureo use.Furthermoreijt usesstrengthreduction the factthatthe compo-
sition of a strongSCCwith a Kripke structuremay containweakSCCs.Our approach
analyzesSCCsasthey arecomputedo take maximaladvantageof their weakness.

The restof this paperis organizedas follows. Section2 reviews the background
material. Section4 discusseghe algorithmic framework for SCC refinement,while
Section5 dealswith the compositionalapproach Section6 discusseshe implemen-
tation details,and presentgpreliminary experimentalresults. Theseresultsshowv that
the algorithm often achieses substantiabavings in memoryand CPU time. Section7
summarizeshe contributionsof the paperandoutlinespromisingfuturework.

2 Preliminaries

A Strongly-ConnectedComponen{SCC)C of a graphG is a maximal setof nodes
suchthat thereis a path betweenary two nodesin C. An SCC that consistsof just
onenodewithouta selfloopis calledtrivial. An SCC-closedetof G is theunionof a
collectionof SCCs.Thesetof SCCsof G is denotedoy SCCs(G) andis a partition of
theverticesof G. A partition; of V is arefinemenof anothempartition, of V' if, for
every By € m, thereexists B» € w2 suchthatB; C Bs.

We modelthe systemswe considerasgeneralizediichi automata.

Definition 1. A (labeledgeneralizedBuichi automatoris a six-tuple

A= <Q7Q03Ta]:aAaA) )



wheie @ is thefinite setof states,)o C @ is the setof initial states, T’ C @ x @ is
thetransitionrelation, F C 29 is the setof acceptance&onditions,A is thefinite setof
atomicpropositionsand A : Q — 24 is thelabelingfunction.

Notethatwe have definedautomatawith labelson the statesnot the edgesA run
of A is aninfinite sequence = po, p1,... over @, suchthatp, € Qo, andfor all
i >0, (pi, pit1) € T. A runp is accepting(or fair) if, for eachF; € F, thereexists
g; € F; thatappearsnfinitely oftenin p.

The automatoracceptsan infinite word ¢ = og,01,... in A% if thereexists an
acceptingrun p suchthat, for all i > 0, o; € A(p;). The languageof A, denoted
by L(A), is the subsetof A“ acceptediy A. The languageof A is nonemptyiff A
containsanacceptingcycle acyclethatis reachabldrom aninitial stateandintersects
all acceptanceonditions.An automatorcontainsan acceptingeycle iff it containsan
acceptingSCC areachablé&SCCthatintersectall acceptingsets.

A stateq is completeif for every a € A thereis a successor’ of ¢ suchthat
a € A(q"). A setof statespr anautomatonis completeif all of its statesare.

As is usualin symbolic model checking,given a transitionrelation T, we define
img,(S) ={¢' 3¢ € S: (¢,4') € T}, andprep(S) = {¢ | 3¢' € S: (¢,¢') € T}
A stepis the computatiorof eitherimg-(.S) or pre(.S).

We assumahatall automataaredefinedoverthe samestatespaceandagreeonthe
statelabels.Communicatiorthenproceedshroughthe commonstatespaceandcom-
positionis characterizety theintersectiorof thetransitionrelations:The composition
A1 x As =(Q, Qo, T, F, A, A) of two Biichi automatad; = (Q, Qo1,T1,F1, 4, A)
andAz = (Q, Q(m,TQ,fQ,A,A) is dEfIHEdby QO = QOI n QOQ, T =T, NTs, and
F = F1 U F,. Hence,composingtwo automatarestrictsthe transitionrelation and
resultsin theintersectiorof thetwo languages.

If the statesof a Blichi automatonare the valuationsof r binary statevariables,
thenlanguageemptinessanbe checled by a symbolicalgorithmin O(|Q|log|Q|) =
O(r2") steps[1]. We canimprove this boundif we know thatthe automatordoesnot
control someof the statevariables Specifically let V' afinite set(of binaryvariables),
andlet A = (Q, Qo, T, F, A, A) be an automatorsuchthat@ = 2V. Givenqg € Q
andv € V, let¢” € Q bethestategivenby q U {v} if v ¢ ¢ andq \ {v} otherwise.
ThenA contolsw if thereexistg:, g2 € @ suchthat(q,q2) € T and(q1,4¢3) ¢ T. Let
V4 the setof variablescontrolledby .4. We definethe effectivenumberof statesof A
asnu = 2/V4l. Onecaneasilyshov thatlanguageemptinesgor .4 canbe checledin
O(nalogna) stepsby thealgorithmof [1].

WesaythatA < A'if Q =Q', Qo C Qy, T CT',F = F',andA = A'. This
(ratherstrong)conditioninducesa partialorderon automatasuchthat A < A’ implies
L(A) C LA). If AL A, wesaythat A’ is anoverapproximationof A.

LetC C @ beanSCCof A. We definethe strengthof C asfollows (cf. [10, 2]).

— Cisweakif all cyclescontainedwithin it areaccepting.

— Cisterminalif it is weak,complete andthereis no edgefrom anodein C to ary
non-terminalSCC.Terminalityimpliesacceptancef all runsreachingC.

— Cis strongif it is notweak.

Note that the definition of weaknesss more relaxed thanthat of [10, 2], while still
allowing usto usealineartime symbolicmodelcheckingalgorithm.



We canorderSCCsaccordingo their strengthStrongSCCsarestrongethanweak
ones,andweakSCCsthatarenotterminalarestrongethanterminalSCCs.In general,
the wealer an SCC s, the easierit is to decidelanguageemptinessAn automaton
containinga weak (terminal) SCC S hasa nonemptylanguagef EFEGS N Qo # 0
(EF S N Qo # 0) holds! The strengthof an SCC-closedsetor of anautomatoris the
maximumstrengthof its acceptingSCCs.

3 Don't Care Conditions

Imageandpreimageusuallyaccounfor mostof the CPUtimein symbolic,BDD-based
modelchecking4, 13]. Thereforejt is importantto minimizethesizesof therepresen-
tationsof boththetransitionrelation,andtheargumentto the (pre-)imagecomputation.
Thesizeof aBDD is notdirectly relatedto the sizeof the setit representsf we need
notrepresena setexactly, but caninsteaddetermineaninterval in whichit maylie, we
canuseknown techniqueg6, 16] to find a setwithin this interval with a smallBDD
representation.

Often,we areonly interestedn theresultsasfar asthey lie within a care setK (or
outsideadon't care setK). Sincethe satishctionof a propertyis only relevantwithin
the setof reachablestatesR, we canuse R asa caresetto addor deleteedgesthat
emanatdrom unreachablestates By doing this, the imageof a setthatis contained
within R remainghesameLik ewise,the partof the preimageof asetS thatintersects
R remainsthe same evenif we addunreachablstateso S. This useof R ascareset
depend®nthefactthatno edgesrom reachabldo unreachablstatesareadded.

Thealgorithmof Sectiord manipulatesmallportionsof thestatespacedefinedby
SCC-closedsets.Thisallows usto usecaresetsthatareoftenmuchsmallerthanthe set
of reachablestatesandthusto increasehe chanceof finding smallBDDs. We cannot
usethe approachoutlinedfor the reachablestates sincetheremay be edgesfrom an
SCC-closedsetto otherstatesWe shav herethatin orderto usearbitrarysetsascare
setsin imagecomputationa ‘safety zone’ consistingof the preimageof the careset
needdgo bekept;similarly for preimagecomputation.

Theorem1. Let(@ bea setof statesandlet T C @Q x @ bea transitionrelation. Let
K C () beacareset,B C K asetof states,

TN(KxK)CT'CTU(K xQ)U(Q x K), and
BgB'gBUpreT,(K) .

Proof. First, supposethatq’ € imgs(B') N K, andlet ¢ € B’ be suchthatq’ €
imgr ({g}) N K. Sinceq’ € K, we have ¢ € prer.(K). Hence,g € B' implies
g € B,andq,q' € K, whichmeanshatq' € img,({¢}) N K. Finally, ¢ € B implies
¢’ € img,(B) N K. Corversely supposéahatq’ € img,(B) N K, andletg € B be
suchthatq’ € img,({¢q}) N K.Now ¢,¢' € K, andhencey’ € img. ({¢}) N K, and
sinceq € B', ¢' € img»(B') N K. |
LEF S is the subsebf Q from which S is reachablewhile EG S is the setof statesin Q that
aretheoriginsof infinite pathsentirely containedn S.



Hence,we canchoosel” and B’ to be setswithin the giveninterval thathave a small
representatiod andusetheminsteadof T and B. Throughsymmetrywe canprovethe
following theorem.

Theorem?2. Let () be a setof statesandletT C @ x Q. LetK C @, B C K,
TN(KxK)CT'CTU(K xQ)U(Q x K),andB C B' C BUimgy,(K). Then,
preq(B')N K = prep(B) N K.

Edgesareaddedo andfrom thesetK (outsideK) andthe safetyzonefor (pre-)image
computatiorexcludestheimmediate(successorg)redecessorsf K. Notethattheva-

lidity of theaforementionediseof thereachablesetascaresetfollows asa corollary

of thesetwo theorems.

4 SCCRefinement

This paperdescribesa hybrid algorithm for fair cycle detectionthat combinesSCC

refinementvith moreclassicalalgorithms—Iike the oneof EmersorandLei [7]—that

computean SCChull [15]. We shall heredescribethe generalframeawvork, andin later

sectiongve shalldiscusgheimplementatiorthoiceghatwe have made Therefinement
processesisesa setof overapproximationsf the system We separatghe generation
of the overapproximationgrom their use;the methodpresentedhereworksfor ary set
of overapproximations.

4.1 Refinement
The coreof our refinementpproactis expressedy thefollowing theorem.

Theorem 3. Let A be a Buichi automatonandlet A,,..., 4, > A be overapproxi-
mations.Then,SCCs(A) is a refinemenof

{C1N---NC, | Cy € SCTs(Ay),...,C € SCCs(A)I\ D .

In particular the setof SCCsof A is arefinementof the setof SCCsof ary overap-
proximationA’ of A. HenceanSCCof A’ isanSCC-closedet(but notnecessarilyan
SCC)of A. This theoremallows usto graduallyrefinethe setof SCCsuntil we arrive
atthe SCCsof A.

Oneof the benefitsof this approachis thatwe canoften decideearlythatan SCC-
closedsetdoesnot containan acceptingcycle. This allows us to trim the statespace
beforeconsideringhe exactsystemkeepingaroundonly ‘suspect’'SCCs.

Observation 4 LetC bean SCC-closedetof A. If C N F; = () for any F; € F, then
C hasno statesin commorwith anyacceptingcycle

We alsohave thefollowing strength-reductiotheoremwhich allows usto usespecial
algorithmsfor weakandterminalautomatavithout analyzingthe completesystem.

2 Theactualuseof don't careinformationfor thetransitionrelationis asymmetricWe addedges
out of don't carestatesput notinto them.This is dueto the usefulminimizationsthatcanbe
performedon a partitionedtransitionrelation.



Theorem5. Let.A and. A’ be Buchi automatawith A < A’, andlet A becompletelf
C is aweak(terminal)setof A', thenC' is a weak(terminal) setof A.

The strengthof a strongSCC-closedsetmay actually reducein going from A’ to A.
For example,a strongSCCmay split into two weakones.

4.2 Algorithm

Theresultsof Sectiord.1 motivatethealgorithmGENERIC-REFINEMENT of Fig. 1. The
algorithmtakesasargumentsa Buichi automaton4 anda setL of overapproximations
to A, which includesA itself. Therelation< on L is not requiredto be a total ordet
Thealgorithmreturnstrueif anacceptingcycle existsin A, andfalseotherwise.

The algorithmkeepsa setWork of obligations,eachconsistingof a setof states,
the seriesof approximationghat have beenappliedto it, and an upperboundon its
strength.Initially, the entire statespaceis in Work, and the algorithm keepslooping
until Work is empty or a fair SCC hasbeenfound. The loop startsby selectingan
element(S, L', s) from Work and a new approximation4’ from L. If A' = A, the
algorithmmaydecideto run a standardnodelcheckingprocedureonthe SCCathand.
Otherwise,it decompose$ into acceptingSCCs,and after analyzingtheir strengths,
addsthemasnew Work. Thealgorithmusesseveralsubroutines.

Subroutinescc-DECOMPOSE, takes an automatond’ anda set.S, intersectsthe
statespaceof A’ with S to yield a new automatonA”, andreturnsthe setof accept-
ing SCCsof A"”. Notethatan SCCof 4" is not necessarilyan SCCof A’. The sub-
routinediscardsary unfair SCCs,asjustified by Obsenation4. SubroutineANALY zZE-
STRENGTH returnsthestrengthof the setof states(SeeSection?.) Subroutinev ODEL -
CHECK (shown) returnstrue iff a fair cycle is found using the appropriatemodel-
checkingtechniqudor the strengthof the givenautomaton.

The way entriesand approximationsare picked is not specified,and neitheris it
statedwhenENDGAME returnstrue. Thesefunctionscandependon factorssuchasthe
strengthof the entry, the approximationghat have beenappliedto it, andits order of
insertion.In later sectionswe shallmake thesefunctionsconcrete.

It follows from Theoren® thatatary pointof thealgorithm,for any entry (S, L', s)
of Work, S is an SCC-closedsetof 4. At ary point, the setsof statesin Work are
disjoint. Terminationis guaranteetby thefinitenessf L andof the setof SCCsof A.

Whendecomposingn SCC-closedset S, we canusethe complementbof S asa
don't careconditionasdiscussedn Section3. BecauseS maybesmallin comparison
to @, thismayleadto a significantimprovementin efficiency.

The SCC-refinemenglgorithm computesmuch of the neededinformation about
the SCCsof a systemon overapproximationsf it. Becausegheseoverapproximations
areoften muchsimplerthanthe concretesystem this approactmay be very efficient.
Becausdhe SCCsof a systemarearefinemenbf the SCCsof any overapproximation,
any computationon an overapproximatesystemdivides the statespaceinto several
componentssomeof which are thrown away without consideringthemin the exact
systemandsomeof which areanalyzedurtherin isolation.

At ary pointin time, we keeparoundan overapproximatiorof thereachablestates
to discardunreachablé&SCCs.Wheneer we refinethe system we computethe setof



type Entry =record
S; Il An SCC-closedsetof A
L'; /I Setof approximationsghathave beenconsidered
s /I Upperboundon the strengthof the SCC

end

MODEL-CHECK (A, S, s){ // AutomatonA, SCC-closedetS, andits strengths
cases of
strong:return Qo N EGx+(S) # 0; /l/callEmerson-Lei
weak:return Qo N EF EG(S) # §;
terminal:return Qo N EF(S) # 0
esac

}

GENERIC-REFINEMENT(.A, L){ // Biichiautomatond = (Q, Q, T, F, A, A), and
setof overapproximationd. with 4 € L
var
Work: setof Entry;

Work = {(Q, 0, strong }
while Work # (§ do
PickanentryE = (S, L', s) from Work;
ChooseA’ € L suchthatthereisno A” € L' with A” < A’;

if A" = A and ENDGAME(S, s) then
if MODEL-CHECK (A, S, s) then
return true
fi
else
C := sCC-DECOMPOSE(S, A");
if C # 0and A = Athen
return true

else
forallC € C do
5 := ANALYZE-STRENGTH(C, A");
insert(C, L' U {A}, s) in Work
od
fi

fi
od
return false

Fig. 1. ThegenericSCC-refinemenalgorithm



reachablestatesanaw, limiting the searchto the overapproximatiorthat wasobtained
before Forthiscomputationye canusetheoverapproximatiomscareset. Thisscheme
computegeachabilitymultiple times, but [14] hasshown thatthe useof approximate
reachabilityinformationasa caresetmay morethancompensatéor that.

4.3 Underapproximations

Therefinementpproachhatwe have presented¢anbe extendedo theuseof underap-
proximations.Let .4; and.4> beunderapproximationsf .A. First, asoverapproxima-
tionscanbeusedto discardthe possibility of anacceptingcycle, underapproximations
canbeusedto assertheir existenceif A; containsanacceptingycle, thensodoesA.

Furthermoreif ananSCCC, of 4; andanSCCCs of A, overlap,thenA contains
an SCCC D (; U C,. SCC-decompositiomlgorithms[18, 1] computeeachSCC
startingfrom a seed.The seedis usuallya singlestate but, in orderto find C, we can
useC U Cs. Hencewe canavoid therecomputatiorof C; or Cs, anduseC; U Cs as
adon't careset.

5 Composition

The SCCrefinementalgorithm describedn Section4 is genericbecausét doesnot
specify: (1) What setof overapproximationd. of the Biichi automatonA is available;
(2) Therule to selectthe next approximationA4’ to be appliedto a setS; (3) The pri-
ority functionusedto choosewhat elementto retrieve from the Work set;and(4) The
criterion usedto decidewhento switch to the endgameThesefour aspectanake up
a policy; thefirst threearethe subjectof this section,while the fourth is discussedn
Section6.

5.1 Choiceof the Approximations

We assumehat.A is the compositionof a setof modulesM = {M;,... ,M,}, and
thatthe setL of overapproximationsonsistsof the compositionof subset®f M ;

Lg{le X---xMip|{i1,...,z'p}g{1,...,n}} .

More flexible stratgies(e.g.,[9]) may generatdarger setsof approximationsandbe
compatiblewith our approachbut we shallnot discusghemfurther.

We alsoassumehatthe statesof .4 arethe valuationsof a setof » binaryvariables
V'; andthatthe setsof variablescontrolledby eachmodule M; arenonemptyandform
apartitionof V. Hence,n < r andfor eachA’ € L distinctfrom A, 2p4 < 4.

The setof all overapproximationgeneratedrom subsetsof M forms a lattice,
shown in Fig. 2 for n = 4. In the caseillustratedby this figure, the coarsesapproxi-
mation,which is the setof no modules,is the 1 of the lattice. (This approximationis
never usedin practice.)The exact systemis the compositionof all four modules.For
sufficiently largen, it is impracticalto make useof all 2" overapproximationsgonse-
quently we shallonly considerefficient policies,in which a givenstateis containedn
thesetpassedo scc-DECOMPOSE O(r) times.



0 modules 1

1 module My M> M3 My

2 modules Mip x Ma Mj; X Mg « Ma x Ms Mi X Mg Ms X My M3 X My

NN

3 modules M1 X My x Mg My X Mo X My My X Mg x My Ms x M3 x My

\/

4 modules M1 X Mo X M3 X My

Fig. 2. Lattice of approximations

Specifically we shall stipulatethat thereis a constant\, suchthat L canbe parti-
tionedinto subsetd.y, . .. , L, satisfyingthefollowing conditions:(1) | L;| < A; (2) for
every A' € L, na <24, (3) A€ L,.

Two casesareillustratedin thefigure.In bothcases(ji, . .. ,jn) iS a permutation
of (1,... ,n) thatidentifiesalinearorderof themodules At theleft of thefigure (solid
thick lines), the algorithm of Fig. 1 usesa popcorn-linepolicy with (j1,...,j1) =
(1,2,3,4) and\ = 1. Theapproximationsre:

L:{A,:MJIXXMh'lSZSH} .

Whenanentry E = (S, L', s) is retrievedfrom Work, the A4; of lowestindex thatis not
presenin L' is choserasthe next approximation4’.

At theright (thick grey lines),2n — 1 approximationsare usedin a lightning-bolt
policy, for which A = 2:

L:{AQi_lejlX---XMji|1§1:§’I'L}U{.A2,'ZMJ'1+1|1§7;<7’L} .

Theselectionof 4’ is doneasin thepreviouscase.
In Fig. 2, theorderof themoduless (4, 2, 3,1). Theapproximationsre:

Al = M4, AZ = M27
A3:M4XM2, A4:M3,
As = My x My x M3, As = M,

.A7=M4XM2XM3XM1.

In both casesthe numberof timesa stateis in the setpassedo scc-DECOMPOSE
is boundedby the numberof approximationsn L. Thereforea popcorn-linepolicy
tendsto call scc-DECOMPOSE fewer times, but a lightning-bolt policy may breakup
the SCC-closedsetswith easyapproximationg{.4»; }) beforeapplyingto themharder
approximationg{.Az;_1}). Thereforejt tendsto uselessmemory
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5.2 Complexity

Therefinementlgorithmdescribedhusfar cannotimprove theworst-caseompleity

of thelanguageemptinescheck.Indeed,if all approximationgistinctfrom .4 consist
of onefair SCC,no benefitcomesfrom the incrementalSCCanalysis.Underthe stip-

ulatedconditions,however, it is easyto shav thattheincrementabpproaclhis within a
constanfactorfrom the non-incrementabne.

Theorem 6. If thesetof approximationsL canbepartitionedinto subsetd.,,... , L,
suc that, for someconstant\, (1) |L;| < ); (2) for every A’ € L;, na < 2¢; and(3)
A € L,, thenthegenericrefinemenalgorithmrunsin O(n4 logn.4) steps.

Proof. Thecostof SCCanalysisfor A’ is boundeddy kn .4 log 54!, for someconstant
k. Hence thecostof analyzingall approximationsand.A itself is boundedoy

knalogna(A+A/2+A/4+---+AX/27) ,
whichis boundedoy 2)\kn 4 logn.4. O

While we cannothopefor animprovedrun time in the worst case we canexpectthat
the refinement-basedpproachwill be beneficialwhenthe statespacebreaksup into
mary smallSCC-closedets.In particular we canprove thefollowing result.

Theorem7. Under the assumptiongor L of Theoem®6, if for someconstanty, the
pairs (S, A') passedo scc-DECOMPOSE satisfy|S| < yna/n4, thentherefinement
algorithmrunsin O(n 4) time

Proof. The analysisof A consistsof the decompositionof SCC-closedsetsof size
boundedby ~. Their numberis linearin 74, and eachdecompositiortakes constant
time. Hence thetotal time for theanalysisof A is O(n.4). If |C| is thenumberof states
in SCCC of A', then|C|n.a /na is theeffectivesizeof C. The costof analyzingA’ is
thereforeO (7 4/ ). With reasoninganalogouso theoneof Theoren®b, onefinally showvs
thatthetotaltimeis alsoO(n.4). O

Anotherreasonwhy the refinement-basedpproachmay significantly outperform
otheralgorithmsis becausét candiscardlarge partsof the statespaceassoonasit
establisheshatthey intersectno fair cyclesby applyingObsenation4. The advantage
dueto this ability to prunethesearchcanbearbitrarily large.

5.3 DecompositionTrees

The popcorn-lineapproachgdefinesan SCCdecompositiortreelik e the oneof Fig. 3
thathighlightsthe potentialadvantage®f SCCrefinementThefigurecorrespondso a
modelof eightdining philosopherswith a propertythatstateshatundergivenfairness
constraintsjf a philosopheiis hungry, sheeventuallyeats.The systemhasnine mod-
ules.(The propertyautomatorbesideghe philosophers.)'he propertypassesi.e., no
fair cyclesexist in the system.Thetreeof fair SCCsis shavn. Thenodesat Level: are
the SCCsof A;. (A; is the propertyautomaton.)rhe sizeof eachSCCis given;there
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252

Fig. 3. SCCrefinementree

areabout47k reachablestatesNote thatonly very small setsof stategemainafterthe
first four modules$ arecomposedandthatvery little work is doneon the exactsystem.
The effective size of eachSCCis alsoshawn in parenthesesSincethe effective sizes
correlateto the actualcomputationagffort, the numbersof Fig. 3 shaw thatthe costis

quitemodestat all levelsof refinement.

To defineapolicy we needto specifythe orderin whichelementsareretrievedfrom
theWork set. Two obviouschoicesareFIFO andLIFO order As onewould expect,the
SCCrefinementreeis traversedn breadth-firsmannerfor aFIFO order, andin depth-
firstmannerfor aLIFO order When,asin Fig. 3, therearenofair cyclesin 4, theorder
in which the treeis visited is immaterial.However, in the presencef fair cycles,one
stratgly may leadto earlierterminationthanthe other If oneassumeshatfair cycles
arenumerousthendepth-firstsearchs particularlyattractve. Breadth-firstsearchpn
theotherhand,canbeimplementedvith low overhead.

6 Implementation and Experiments

We describeheredetailsof two implementegoliciesfor the SCCrefinementlgorithm
D'n’C, andof the experimentswe ran. Both versionsimplementthe popcorn-lineap-

% Thesefour modulesarethe propertyautomatonthe philosophemamedin the property and
hertwo neighbors.
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proachwith breadth-firssearctof the SCCrefinementree.Both heuristicallypartition
the systemto be verified accordingto the stratgy of [9]. They thensortthe modules
accordingo their distancegrom the statevariablesof the propertyautomaton.

The two policiesdiffer in whenthey switch to the endgameThe first policy de-
emphasizesompositionalityin comparisorto strengthreductionby performingonly
two levels of composition At thefirst level it computeghe SCCsof the propertyau-
tomaton,andatthesecondevel it composesll the othermodulesof thesystem.

Thesecondolicy triesto exploit thefull compositionalityimplied by Figs.2 and3.
For easeof referencewe referto the first policy asthe Two-level method,andto the
secondasthe Multi-Level method.

In both policies,if any fair SCCsare presentthe algorithm checkstheir strength.
If ary of themareweak,they are groupedtogether andthe exact systemis checled
for cycleswithin theseSCCs.The underlyingassumptions thatmodelcheckingweak
SCCsis muchcheapethanmodelcheckingstrongSCCs.If D'n’C findsacyclein the
exactsystem,it terminatesptherwiseit discardsheseSCCs.If no SCCsarepresent,
the algorithmalsoterminatesthereareno cycles.Otherwise the approximatesystem
is refined.

The Multi-Level methodheuristicallystopsthe refinementat somepoint, andthen
immediatelycomposesill theremainingmodulesthusproceedinglirectly to theexact
system Right now we areusinga simple heuristic—westoplinear compositionafter
30% of the latcheshave beencomposedandthen“jump” to the the exact systemto
limit overheadandto avoid having too mary fair SCCsin thefull SCCrefinementree.
Oncetheexactsystemis reachedtheVis implementatiorof theEmerson-Lealgorithm
is appliedto eachof its SCC-closedets.

Our algorithmis implementedn Vis-1.4[3], andthe resultsof Table 1 were ob-
tainedby appropriatelycalling thestandard.anguage&emptinessommandf Vis. SCC
analysisis performedwith the Lockstepalgorithmof [1] implementedasdescribedn
[15]. In Table 1, all exampleswere run with the samefixed order (obtainedwith dy-
namicvariablereordering) For the samesetof modelsandpropertyautomatawe also
obtaineda secondtable,with dynamicvariableorderingturnedon for eachexample.
Similarly, we obtaineda third table,usingthe EL2 variantof the Emerson-Leialgo-
rithm [8]. Sincethe characteiof the resultswasnot significantlydifferent,the second
andthird tableswereomittedfor brevity.* All experimentswvererunonanIBM Intel-
listationrunningLinux with a400MHz Pentiumll processowith 1GB of SDRAM.

The table hasfour columns.The threefields of the first columngive the nameof
the example,a symbolindicatingwhetherthe formula passe4P: no fair cyclesexist)
or fails (F: a fair cycle exists), and the numberof binary latchesin the system.The
threefields of the secondcolumn,obtainedby directly applyingthe Vis Emerson-Lei
algorithm,give: (1) thetime it took to run the experiment(Time/Out(T/O) indicatesa
runtime greateithan14400s){2) thepeaknumberof live BDD nodegin millions—the
datasizdimit wassetto 750MB); and (3) the total numberof preimage(EX) / image
(EY) computationsieeded.

4 The only exceptionto the statementvas the fact that the examplenmodem1took only 209
secondsvith EL2, versus4384for the original Emerson-Lealgorithm.
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Table 1. Experimentatesults

Emerson-Lei D'n'C D'n'C
(VisLE) Two-Level Multi-Level
Circuit  |P/llatch Time Bdd EX/EY [Time Bdd EX/EY time|Time Bdd EX/EY time
andLTL |F|num| (s) (M) (s) (M) ratio] (s) (M) ratio
baleryl |F| 56 | 212 5.15337/0 31 1.3 354/4 14% 27 1.3484/328 12%
balery2 |P| 49 | 69 3.4 526/0| 20 1.3 10/4 28% 20 1.3 62/73 28%n
balery3 |P| 50 | 421 141593/ 46 2.5 90/4 10% 43 1.8537/428 10%
baleryd |F| 58 | T/IO - -/- |1950 3.4 1088/5<13% 1337 4.7 947/96 <9%
balery5 |F| 59 | T/O - /- |1009 6.1 127/5 <7% 623 6.1216/243 <4%
eisenbl |F| 35| 23 1.0 416/0f 16 0.9 21/4 69% 16 0.9 21/4 69%
eisenb2 |F| 35| T/IO - -/- |4800 8.2 162/5 <33% 1683 7.7 105/93 <11%w
elevatorl|F| 37 | 210 14 163/0| 49 2.8 132/9 23% 41 2.2 155/31 19%
nmodem]1P| 56 (4384 115427/ 192 1.1 992/4  4%| 233 0.65007/71 5%
petersonlF| 70 | 17 1.1 24/0 20 1.3 19/4 117% 21 1.2157/173 123%
philol F|133| 371 12 258/0 7 0.2 8/12 1% 7 0.2 8/12 1%w
philo2 F|133| 73 2.8 557/0| 30 1.3 258/5 41% 12 0.5 25/44 16%w
philo3 P|133| TIO - - |TIO - -I- -| 115 1.2993/224 <1%
shampl |F|143| 44 2.1 8/0 | 103 5.6 9/6 234% 87 2.2266/280 197%
shamp2 |F|144| T/IO - -/- |1892 16. 74/6 <13% 101 2.9345/349 <1%
shamp3 |F|145| T/IO - -I- 337 4.4 19/17 <2% 335 4.4 19/17 <2%w
twoql P| 69 12 0.4 25/0 4 0.1 7/9 33%¢ 4 0.1 7/9 33% n
twoq2 P| 69 | 241 8.9 175/0| 27 0.8 91/5 11% 30 0.9 181/95 12%

Thesesaméfield descriptorsalsoapplyto thethird andfourth columns(for the Two-
Level andMulti-Level versionsof the D'n’C algorithm), exceptthat the latter hasan
additionalfield thatindicateshow theverificationprocesgerminates:n’ meanghatthe
algorithmarrivesat someintermediatdevel of the refinementprocessn which there
no longerexists ary fair SCC;‘'w’ meansthatthereis a weakfair SCCfound andit
containsafair cycle.

The propertyautomatebeingusedin the experimentaretranslatedrom LTL for-
mulae.In orderto avoid biasin favor of our approachgachmodelis checled against
astrongLTL propertyautomatonNotethatthe presencef then or w in thelastfield
demonstratethat both pruning of the SCCrefinementree andstrengthreductionare
active in theseexperiments.

We first comparethe D'n’C algorithmto the oneby EmersonandLei. With only
threeexceptionsout of 18 examplestherows of thetableindicatea significant(more
thanafactorof 2) performanceadwantagedor theD'n’C algorithm.

Comparingthe Two-Level and Multi-Level versions,one seeshaton theseexam-
ples,with four exceptiong(eisenb2philo2, philo3, andshamp?2)the two policiesgive
comparabl@erformanceWe think thatthisis becausenostof our examplesaresimple
mutual-eclusionandarbitrationprotocols,in which the propertieshave little locality.
We expectthe compositionaklgorithmto do evenbetteron modelswith morelocality,
andwe arestill enlagingthediversityof our sampleset.Ontheotherhand,onecansee
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thatthe greatercompositionalityof the Multi-Level versionprovesits worth, especially
onthelargerexamples.

7 Conclusions

In this paperwe have presenteda hybrid algorithmfor fair cycle detectionthat uses
abstractiongo graduallyrefinethe SCC-closedetsof a systemto its SCCs.We have
shavn a generalframewnork for SCCrefinementandwe have discussediifferentpoli-
cies,basedon thetraversalof a lattice of overapproximateystemsOur algorithmhas
the advantagesf being compositional,consideringonly partsof the completestate
spaceandtakinginto accounthestrengthof anSCCto decidethe propermodelcheck-
ing algorithm.

We have implementedwo policies.In comparisorto the original Emerson-Leal-
gorithm, our experimentakesultsdemonstratsignificantandalmostconsistenperfor
manceimprovement.This indicatesthe importanceof all threeimprovementfactors
built into D'n’C: (1) SCCrefinement(2) compositionalityand(3) strengthreduction.
Thoughthe compositionaklpproactdoesnot improve the worst-casecomplexity over
thealgorithmof [1], we have identifiedconditionsunderwhich the proposedalgorithm
runsin lineartime.

TheD'n’C algorithmcanbe highly parallelizedby assigningifferententriesfrom
theWork list to differentprocessors?rocessorthatdealwith disjointsetsof statehave
minimal communicatiorandsynchronizatiorrequirementsAlthough, the algorithmis
gearedowardssymbolicmodelchecking,SCCrefinementanalsobe combinedwith
explicit stateenumeratiorapproaches.

The experimentalresultsshowv that even the simpler Two-Level policy performs
very well in comparisorto the Emerson-Leialgorithm. On all examples,the Multi-
Level versionof D'n’C is eithersuperiorto, or comparableo the Two-Level version.
We have notedthat superiorityoccursfor the larger examples,andwe speculatehat
D'n’C will ultimately be ableto handlesomesignificantly larger examples.The sim-
plicity of theimplementegoliciesin comparisorio thegeneralityof Sectionst.1and5
suggestghat thereare mary promising extensionsand variationsthat so far remain
experimentallyunexplored. Among these the joint applicationof over andunderap-
proximationss of specialinterest.Severaliterative approachet modelcheckinghave
beenproposedl11, 9, 5]. Theseapproacheso not carrythe SCCdecompositiorfrom
onelevel of refinementto the next. On the other hand,they usecountergamplesto
guiderefinement—somethinthat is currently missingfrom our implementationand
thatcouldimproveits effectiveness.
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