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Abstract

Symbolicimagecomputatioris themostfundametal compuation
in BDD-basedsequentialsystemoptimization and formal verifi-

cation. In this paper we explore the use of overapproxmation
and BDD minimization with don't caresduring image computa-
tion. Our nev method,basedon the partitionedrepresetation of

thetransitionrelation,consistsof threephases¥First, the modelis

treatedas a setof loosely couded compments,and over-approx-
imate imagesare computedto minimize the transitionrelation of

eachcomponat. A refinedoverall imageis then compued us-
ing the simplified transitionrelation. Finally, the exactimageis

obtainedby aclipping operatiorthatrecoversall previousover-ap-
proximatiors. SinceBDD minimizationemploy/s constraintonthe
next-statevariablesof thetransitionrelation,insteadof thecustom-
ary constrainton the present-statgariables we call the resulting
methodfar sideimagecompuation.

The new methodcanbeimplementedn top of arny imagecom-
putationalgorithmthatis basedon the partitionedtransitionrela-
tion. (For example,IWLS95[21], MLP [17], andFine-Grain[16].)
We demorstratethe effectivenesof our approachby experiments
on modelsrangingfrom easyto hard: The new methodwins sig-
nificantly over the bestknown algorithmssofarin both CPUtime
andmemoryusagegspeciallyon thehardmodels.

Categories and Subject Descriptors
B.6.3[Logic design]: Designaids—\erification
General Terms. Verification,Algorithms
Keywords: Modd checkng, imagecompuation, Binary Decision
Diagrams Symbolic

1. Introduction

Image computation,asthe mostfundamentaktompuation dur-
ing symbolicstatespaceexploration(alsocalledreachabity anal-
ysis),is crucialin sequatial systemoptimizationandformal veri-
ficationbasedon theuseof Binary DecisionDiagramgBDDs[2]).
The Preimage operationis equallyimportantin verificationprob-
lemssuchas CTL modelchecking,but evenin thosealgorithms,
reachabity analysisis usuallyappliedto compue don't caresets
to constrainthe searchandminimizethe BDDs.

Image computationconsistsof finding all the successorsf a
given setof statesD accordingto a setof transitionsT. Thereare
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two basicclasse®f imagecompuationmethodsamongwhich one
is basedon thetransitionfunction [8], andthe otheron the transi-
tionrelation[11,21,17,5, 4, 16]. Therearealsohybrid algorithms
thatcombinethesetwo techniquegogethef20]. Our nev method
is basedn thetransitionrelation.

1.1 Related Work

Exceptfor smallsystemsthetransitionrelation(TR) cannotbe
representetdy amonolithicBDD. Insteadjt is usuallyrepresented
by acollectionof BDDs (calledclusters\whoseconjunctionis the
entire transitionrelation. This representatiornis called the parti-
tionedtransitionrelation Imagecompuationis basedon conjoin-
ing the given setof stateswith all the transitionrelation clusters
while existentially quantifying the present-stateariablesand in-
puts. The compleity of this computationdepend heavily on the
sizeof theBDDsthatrepresenthegivensetof statesthetransition
relation,andtheintermediatgproduds during the conjoin-quantify
operations.

In the conjoin-quantify operationsthe way in which transition
bit-relationg(i.e., thetransitionrelationsfor individua binarymem-
ory elements)are groupedinto clustershasa large impacton the
overall performancegquallyimportantis the orderin which clus-
tersare conjoined and quantified. The problemof clusteringand
orderingsoasto minimizepeakBDD sizeof theintermediaterod-
uctsis calledthe quantificaion schedulingproblem.

The variousexisting image computationmethodsdiffer mainly
in theirquantificgion schedules Early studiesontheeffectof early
quantificationcan be tracedbackto [24, 3, 11], andin [13], the
quantificationschedulingproblemwasproved to be NP-complete.
A succeshul heuristics known asIWLS95, wasproposedn [21];
it first ordersthe transitionbit-relationsbasedon a heuristicscore,
andthenlinearly clustersthesebit-relationsuntil the BDD sizeex-
ceedscertainthreshold;finally it ordersthe clustersbasedon the
sameheuristicscore. The IWLS95 algorithmis basedon a linear
quantificationscheduleyecentprogressalongthis line arethe al-
gorithmbasedn Minimum Lifetime Permutatior(knovn asMLP)
[17, 5] andthe Fine-Grainmethod[16]. In [13, 4], however, im-
agecompuation is viewed as a problemof constructingan opti-
mal parsetreefor theimageset,which mayresultin moregeneral
quantificationschedles. The new methodwe introducein this pa-
peris notanothe heuristicfor thequantificationschedling; rather
it providesa higherlevel framavork andthuscanbeimplemented
ontop of ary of theseheuristics.

Don't careinformationextractedfrom exactor approXxmaterea-
chability analysisis commonlyusedin the preimagecomputation
in symbdic model checking; one can add or remove transitions
from unreachhle statesin orderto reducethe BDD size without
chandng the resultsof fix-point computatios restrictedto reach-
able states.However, usingapproximatereachake don't caresin
theimagecomputatioris not straightforvard: Adding or removing
transitionsfrom unreachhle states(note that the minimizationis



doneonthe“nearside] i.e.,the present-statgariables)itself does
not changethe intermediateprodicts andimageresult, thus does
not reducethe peakBDD size during the computation (In [18],

the exactreachabilityanalysisactuallybenefitsfrom simplification
with approximae reachale statesput the benefitis dueto secomnl-

ordereffectslike re-clusteringandfewer reorderingsof the BDDs

[22].)

Ourneny methodtreatseachtransitionrelationclusterasthetran-
sition relation of an abstractmachine;in this senseit is directly
relatedto previous work on statespacedecompsition [7, 6, 18,
12, 19]. Themaindifferenceis thattheseprevious works compute
the entirereachale statesor eachsubmachine whereasherewe
areapplying the approximation/refinemntinside the imagecom-
putation, not at the fix-point level. However, thesetwo levels of
approdmationcould be combined.

1.2 Our Contribution

We proposea new appro@h for imagecomputationwhichiden-
tifiesthelargestpossibledon’t caresetwithin eachimagestep,and
usesdit to reducethe peakBDD sizeduringthe computationlt can
be implementedon top of ary image computationmethodthat is
basedon the partitionedtransitionrelation.

Ourmethodconsistof threephasesApproximation,minimiza-
tion andrefinement. First, over-approximatios of the imageare
compuedfor theabstracmachine (eachtransitionclusterinduces
an abstractmodel). Then,the BDDs of the transitionrelationare
minimized by usingtheseover-appraiimationsascaresets;A re-
finedimage,whichis still anover-approximationis computedvith
the minimizedtransitionrelation. Finally, the exactimageis ob-
tainedby conjoiningall theseover-approximatios, which clips out
ary errorstateghatmightbeintroducel by the minimization.

Two problemsarisewhenonetriesto modify the “far side” of
the transitionrelation: (1) If a transitionis addedfrom a reach-
ablestateinto a non-reachablestate the resultsof theimagecom-
putationare changed (2) Minimizing the BDD representatiomf
thetransitionrelationon the“far side” with the entireapproXmate
reachale stateds not effective becaus®f how thealgorithmsused
for thistask[9, 10] work. Both of theseproblemsaresolved by our
method: For the former, we shov how the error statesintroduced
by thespuriotstransitionscanbeeliminatedfrom theresultof each
imagecompuation. For thelatter, we uselocal approaximationsof
the reachablestateswhich are practically effective at simplifying
thetransitionrelationrepresentations

We report experimenal resultsfor the implementationof our
methodon top of both the MLP method[17] andthe Fine-Grain
method[16], on a seriesof testcasegangingfrom easyto hard.
We demonstrateéhe effectivenes of our appro@h in reducingthe
BDD sizeof thetransitionrelation,andshav how the smallersize
transitionrelationtranslatesnto lessrun time and memoryusage
overall. On the hard problems,our nev methodhasan average
speed-p of 35% over the standardMLP method,and finishes2
hard problemsthat can not be finishedby MLP. Furthermorepn
thoseharderproblemswhereboth methodscannot finish, our new
methodcancompletemoreimagesteps.

2. Préiminaries

In symbolic compuations, the objectsmanipuated are setsof
statesratherthanindividual statesn explicit algorithms.A setof
stateds representeth termsof its Booleancharacteristidunction,
whichin turnis representetty a BDD.

Let the sequetial systembe representedh termsof: (1) A set
of presert-statevariablesx = {xq, ...,Xn}; (2) a setof inputsw =
{wi,...,wn}; and(3) a setof next-statevariablesy = {yi,...,¥n}-

The sequentiabystemcanbe representedgymbolically by the set
(T(x,wy), (X)), whereT (x,w,y), known asthetransitionrelation,
is the Booleancharacteristiéunctionthatrepresentthetransitions
in the statetransitiongraph,andl (x) is the characteristidunction
thatrepresentshe setof initial states.

2.1 Partitioned Transition Relation

The partitionedrepresentationf T (x,w,y) is the conjunctionof
transitionrelationclusters

Txwy) = A T'(xwy),

1<i<k

whereTi(x,w,') is thei-th transitionrelationcluster andy' C y is
asubseDf next-statevariables.

Eachone of the k transitionrelation clustersinducesan (over
approdmate) abstractmodel; the entire model (or sequekial sys-
tem) is a synchronouscompositionof all theseabstractmodels.
Let &j(x,w,Yj) bethenext-statefunction of the jth binary memory
elementandT; = (yj «» &j) beits transitionbit relation Thetran-
sition relationclusterT!, which containsk; memoryelementscan
berepresenteds

T= A T= A 0ie9).
1<j<k 1<j<k
Note that eachtransitionbit-relationTj is includedin exactly one
transitionrelationclusterT'. Becausef this, T' dependnonly a

relatively small subsebf the next-statevariables but may depend
onary or all of the present-statgariablesandinputs.

2.2 Image Computation

GivenatransitionrelationT anda setof statesD(x), theimage
of D(x) is

IMG(T,D(x)) = Ix,w. A T'(xwy)AD(X) - (1)
1<i<k

Thetechnique of early quartification triesto exploit thefactthat
eachT' usuallydepenls on a subsetof the present-stateariables
andinputs,andsomeof thesevariablescanby quantifiedoutbefore
all the clustersare conjoined. Let Qq,...,Qx be a partition of the
set{x,w}, theimagecanbe compuedby interleaving conjoinand

quartify,

IMG(T,D(X)) = IQ.{TH(xwy¥) A {

Q1 AT w Y1) A {

QAT Wy ADXHY . (2)

Theorderin which the present-statandinput variablesarequanti-
fiedis calledthe quartification schedde. Intermediateesults like
3Q1 {T (x,w,y*) AD(x)}, are called the intermediateproducts
The BDD size of the intermediateproduds encownteredduring a
single image computationis often the controlling factorin deter
mining whethera givenfixed point operationcanbe completecon
agivencomputer

2.3 The Generalized Cofactor

In [9, 10] BDD operatorscalledrestrictand constain werein-
troducedastechnique for minimizing BDD sizewithoutchanging
the resultof the compuation which usedthe BDD. In [24] it was
shavn thatrestrictandconstain werespecificinstance®f amore
generaloperationcalled the generalizeccofactor Othergeneral-
ized cofactorswereproposedn [23, 14].



A generalizectofactorof T with respectoR, T = T || R, canbe
ary characteristi¢dunctionin theintenal

(TAR<T<(TV-R) .
An importantpropertyof thegeneralizedofacta is
TAR=TAR.

restrictandconstain areparticularoperatorg¢hatmake the choice
sothatthe BDD of T is minimizedin somesenseBecausef this,
we call the operationindicatedby (T {} R) BDD minimization.

BDD minimizationmustbe donevery carefully to be effective.
Usuallyminimizationusingeitherrestrictor constain is poorwhen
R hasalarge BDD or whenR containsmary variablesthatdo not
appeain T. Thisis preciselythecasewhenonetriesto minimizea
sub-relationiT' (x,w, '), which containsasmallsubsebf next-state
variablesy', with respecto anover-appraximationof thereachable
statesthat containsmost of the next-statevariables. This is why
simplification of the transitionrelation on the “far side” hasnot
beenin commonuse.

3. TheFar SideImage

3.1 TheAlgorithm

The FARSIDEIMG algorithmis givenin Figurel. Theinputsto
theprocedirearethepartitionedtransitionrelation{T'} andtheset
of statesD(x). We uselMG to representhe genericimagecompu-
tation, asdescribedby Equation(2); given differentquantification
schedling, thegenericimagecompuationcanrepresenthe meth-
odsin [21,17,4,16].

FARSIDEIMG({T'},D) {
1 foreachie {1,...,k} do

2 X7 « present-statgariablesin the suppat of T!
3 Xp < present-stateariablesin the support of D
4 Qa « {xo} \{x1}

5 Qg + {xr}\{x0}

6 Qe+ {xr}n{xo}

7 Rt =3Qc.(3w,Qg.T') A (IQa.D)

8 T=TR"

9 od

10 R=1ImG ({T'},D)

11 R=RAAR' I/ clipping

12 returnR

}

Figure 1. Thefarsideimagealgorithm.

EachT' isan (over-approxmate)abstractiorof the overall tran-
sition relationT = A; T'. FARSIDEIMG first computesthe over-
approxmateimagesof D on all theseabstractions,

RE(Y) = Ixw. T (x,wy) AD(X) .

Becausé doesnotcontainary inputvariablesw canbequantified
outfrom T' beforethe conjunction.A similar argumentappliesto
thosepresent-statgariablesthatappeamonly in D (representedby
Qa) andthosethatappea only in T' (representedy Qg). These
earlyquartificationsmake R+ mucheasietto compute.

In Line 8, the BDD of eachT! is minimizedwith respecto its
Rt. It is importantto obsere that A; R™ could be usedinsteadof
Ri+ to minimize T'. In theory asmallercareset(i.e.,alargerdon't

careset)providesmoredegreesof freedomfor minimization. How-
ever, the subsetof next-statevariablesin differentR’ (y') aredis-
joint; ary otherRT(yJ) suchthat j =i containsonly the next-state

variablesthat do not appearin T!(x,w,y'). This makes the mini-
mizationwith respecto A R,+ ineffective. Onthethehand,the“lo-
cal” appraimation R{-*(yi) containsonly thosenext-statevariables
in T'(x,wy'); both T" and R" typically dependonly on a small
subsebf the next-statevariablesy . Heuristicalgorithmslike con-
strain andrestrict performmuchbetterin practiceif minimization
is with respectto Ri+(y'). Restrictis more robust becauset pre-
ventsunwantedBDD variablesfrom appearingin theresult,thusit
is usedin ourimplementation. )

The minimizedtransitionrelationT' is a characteristidunction
within theintenal

(T'ARF) <T' < (T'v-R") .
This canbe viewed asaddingor remaoving transitionspointing to
ﬂl'{-*. Figure2illustratesthisminimizationprocessTheminimiza-

tion might add transitionsfrom inside or outsideD to —R* repre-

sentedby the dottedlines, which are not originally presentn T
Similarly ary transitiongo —|Ri+ originally in T' mightberemoved
duringthe minimization,like the solid line marked by a cross.

Figure 2: Minimizing thetransitionrelation.

In Line 10, we computeanothemver-approXmationof theover
all image, R, with the genericimage computationon the mini-
mizedtransitionrelation. R containsall the statesin the exactim-
age(representethy R), andpossibelysomestatesn ﬂl'—{-F because
of the addedtransitions. The clipping operationof Line 11 gets
rid of thoseerror statesby conjoining R with all the other over-
approxmations.

3.2 Proof of Correctness

We now prove that FARSIDEIMG compuesthe correctimage,
i.e.,thesameresultasthatof IMG.

Theorem 1 FARSIDEIMG({T'},D) = IMG({T'},D).

PROOF. LetR(y) betheresultof IMG({T'},D), asdescribedy
Equations(1,2). The overapproxmateimages(Lines2-7 in Fig-
ure 1) arebasedon individual transitionrelationclusters.Because
R is anupperbourd of R, we have

RF(Y)ARY) = R(y) .

Line 8 computethe minimizedtransitionrelationclusterT' = T' |}
Rﬁ-*. Accordingto the definition of thegeneralizeatofactor

TIARF

TIAR" .



By Lines10-12in Figurel

FARSIDEIMG T' xwy D x
Ry R Y
IMG T xwy Dx R Y
xw T x Wyi D x R yI
becaseR y doesnotdeper onx andw
X W T x Wyi R yI D x
by the propertyof the genealizedcofactor

X W Tixwyi Riyi D x

xw T xwy Dx R Y
IMc T xwy Dx R Y
Ry RY
Ry

IMc  T'ixwy Dx

O

4. Experimental Results

We have implementedhe FARSIDEIMG procedirein the sym-
bolic modelchecler VIS 2.0[1, 25], on top of boththe MLP [17]
and the Fine-Grain[16] algorithms. We compareour new algo-
rithmwith thestandardLP andFine-Grainalgorithmin thereach-
ability analysison 35 circuitsfrom the publicdomainaswell asin-
dustry The“S” circuitscomefrom theISCAS'89benchmark[15],
the“D” circuitscomefrom theindustry andthe otherscomefrom
the VIS verificationbendimark[25]. All the experimentsarerun
onanIBM IntelliStationwith a1.7 GHz PentiumlV CPUand2GB
of RAM; Thedatasizelimit for eachprocesss setto 750MB.

Table 1 compareghe run time and memory usageof our Far
SidealgorithmandMLP, with dynamicvariablereorderingnethod
“sift”. Theimageclusterthresholds setto the defaultvalue,5000.
Columnsl-3 shav the name numbe of binary statevariablesand
numker of inputsof eachcircuit. Columns4-6 comparethe CPU
time; Columns7-9 comparethe peaknumberof live BDD nodes
duringtheimagecomputationsNotethatall methodscannotcom-
pletethelast5 circuits; the run time andpeaklive BDD nodesare
for the reachabilityup to certainsteps.For example,boththe run
timeandthepeakBDD nodescompaedfor D14 areupto 12 steps;
this is indicatedin Column1 by “(12)". Within the 8 hourstime
limit, FARSIDE wasableto finish 1 morestepsthisis indicatedin
Column5 by “[13]".

Thetotal run time shavn for the 35 exampleswas171,876sec-
ondsfor theoriginal ML P, and114,710 second for FARSIDEIMG.
Overallthisis a33%win for FARSIDEIMG. However, notethatthe
two entries,am2901and palu, for MLP aretime-outs(8 hours).
This meangthatthe 33% win is a lower bound. It is instructive to
putinto onegroupall the “easy” circuits whosereachabilityanal-
ysis canbefinishedwithin 15 minutes(thefirst 15 circuits), to put
into thesecondgroupall the“hard” circuitswhosereachablity can
befinishedby atleastonemethodwithin 8 hours,andto leave the
restinto anothergroup comprisingthe “harder” problems.By do-
ing so, we get the following tally in which the averagerun time
andthe geometricmeanof the peaklive BDD nodes arecompared
separatelyor thethreegroups,

Group“easy” Group“hard” Group“harder”
MLP FARSIDE % | MLP FARSIDE % | MLP FARSIDE %
CPU(s) | 281 280 0] 6871 4311 +37| 14233 9972 +30
BDD(k) 157 161 -2 | 1181 845 +25| 3348 2729 +18

Thesadatashav thattheruntime andthepeakBDD sizefor Groups
“hard” and “harder” averagean order of magnitudelarger than
thosefor Group“easy”. Onthe“easy” problemsour methoddoes
not win becauseof its additional overhead in approxmation/re-
finement;On the“hard” and“harder” problems however, control-
ling BDD sizeby usingapproximation/refinenrd insidetheimage
computatiorpaysoff.

Table 1. Reachabilityanalysis:FARSIDEIMG vs. MLP. With dy-
namicvariableordering.

CPU(s) PeakBDD nodes(k) |
Design L# I# MLP FarSide % | MLP [ FarSde [ % |
D12 48| 16 6 7 -16 | 204 197] +3
absfabr 87| 21 26 20 +25 43 46| -5
D23 85| 22 11 11 0 24 24 0
nosel 128 | 65 30 32 -5 57 53| +7
bpb 36 9 33 53 -60 94 108| -14
shampo | 140| 21 55 79 -44 91 98| -7
soap 140 11 73 85 -17 101 97| +3
3_proc 62| 18 103 106 -2 | 213 183] +13
soaplLtl3 | 142 | 11 360 329 +8| 341 296 | +13
s1512 57| 29 364 435 -19 91 89 +2
Feistel 293 | 68 541 567 -4 159 229| -43
D5 319| 24 545 522 +4 | 250 301| -20
D1 101| 76 556 452 +18| 665 610] +8
s48@0 88| 35 582 510| +12| 402 402 0
cpsl®Bdo | 134| 97 598 672 -12 | 421 447 -6
D21 92 6 626 610 +2| 466 474 -1
D2 94 6 1024 862| +15| 765 745] +2
cpsl®4 | 231| 97 1198 971| +18| 363 372 -2
s4863 104 | 49 1274 1037 +18| 749 602 +19
D4 230| 22 1370 1259 +8 540 493| +8
icctl 62| 27 1462 1934 -32 | 1503 1515 0
s53Bopt | 121| 35 1476 552 +62| 508 335| +34
FIFOs 142 7 2129 1907 +10 | 1098 1021 +6
prolog 136 | 36 2443 7907| -223] 1935 2287| -18
s3271 116 | 26 2627 1788| +31| 1085 820] +24
s12@ 37| 18 3513 2958 +15]| 3588 3529] +1
D22 140 20 9351 12821 -37 | 3356 2834] +15
s333D 132| 40 10733 2382 +77] 3110 2922| +49
am29d 68| 27 28800 4827] +83 - 2849 -
palu 37| 10 28800 1913 +33 - 8985 -
D14(12) | 96| 21 19978| 609 [13 +69 | 4833 3066] +63
D15(31) | 106| 31 12021 | 979%[35 +19 | 5855 4435] +24
D16(16) | 531| 16 11264 | 684517 +40 | 3142 3142 0
D18(23) | 507 | 200 11994 11458 +4| 1621 1385| +14
D20(7) | 562| 31 15910 15665 +1| 2926 2561] +12

We notethereis oneanomaloushard” circuit, calledprolog, in
which MLP outperformsFARSIDEIMG by morethana factor of
3. We believe thatthe anomalyis dueto the noiseintroducedby
theBDD dynamicvariablereorderingduringreachabilityanalysis.
To look at this effect we extractedthe final BDD orderings(that
is at the end of reachabilityanalysis)for thosecircuits that can
be finishedwith dynamic reorderingandwith thesefixed variable
orderingswe re-runall the experimentsfor those*harder” circuits
wherereachablity analysiscannot be finished,we usethe default
fixedvariableorderingsgeneratedby VIS's static order commanl.
Theresultsaregivenin Table2.

With fixedorderings somecircuitsrun muchfaster(suchaspro-
log), somerun muchslower, for examge s537&pt, whichis about
4timesslower, andthereareothersike s3271 run out of memory
Notein particular for the anomalougircuit prolog, FARSIDEIMG
hasa maminal win (94 secondsvs. 104; 7200k BDD nodesvs.



Table 2: Reachabilityanalysis: FARSIDEIMG vs. MLP. With

fixedvariableordering.“M/O” meansout of memory

CPU(s) PeakBDD nodes(k)

Design L# I# || MLP | FarSide % | MLP | FarSide] %
D12 48 | 16 1 1 0 67 741 -9
absfabr 87| 21 36 35| +2 3 2| +11
D23 85| 22 1 1 0 58 63| -7
nosel 128 | 65 1 2 -66 0.02 0.03| -43
bpb 36 9 66 65| +2 0.5 0.5 0
shammo | 140| 21 14 21| -53 1 1 0
soap 140 11 16 32| -101 925 1040 -12
3_proc 62| 18 10 14| -42| 1092 532 +51
soapLtl3 | 142 | 11 55 99| -81| 4760 4836 -1
s1512 571 29 837 1120| -33| 24085| 23469| +2
Feistel 293 | 68 4 5| -29 744 684 +8
D5 319 | 24 94 114 | -21| 4665 4158| +10
D1 101| 76 82 87 -6 | 8469 8469 0
548680 88| 35 57 54| +5 646 646 0
cpsl®do | 134 97 19 21| -11| 2080 1993| +4
D21 92 6 224 305| -35| 4649 3670 +21
D2 94 6 248 326| -31| 3268 3149 +3
cpsl®4 | 231 97 25 241 +2| 2021 1572| +22
s486 104 | 49 59 35| +39 822 867| -5
D4 230 22 79 117 | -47| 1035 1096( -5
icctl 62| 27 115 134| -15| 3084 2268 | +26
s53Bopt | 121 | 35 || 6960 6593| +5| 24160 20221| +16
FIFOs 142 7 444 4241 +4 | 4252 4710 -10
prolog 136 | 36 104 94| +9| 9967 7200 +27
s327L 116 | 26 || M/O M/O -| M/O M/O -
5126 37| 18] 2668 2603| +2| 44928| 44928 0
D22 140| 20 || 2414 3158 | -30| 1736 1716 +1
s333 132 | 40 931 913| +1| 24735| 24736 0
am291 68| 27| M/O M/O - M/O M/O -
palu 37| 10| M/O M/O M/O M/O

D14 96| 21 M/O M/O M/O M/O

D15 106 | 31| M/O M/O M/O M/O

D16 531| 16 || M/O M/O M/O M/O

D18 507 | 200 || M/O M/O M/O M/O

D20 562| 31| M/O M/O M/O M/O

9967K).

With fixed ordering the averagerun time (amongthose com-
pleted)was576 second for ML P and607 secondgor FARSIDE-
IMG. More importantly we notethattherearenow 3 circuits in
Group“hard” thatcanno be completedby eithermethodbecaise
they run out of memory; for mary circuits, the peak numberof
live BDD nodesare also orderof-magnitudehigherthanthosein
Tablel.

We claim that the datawith dynamicreorderingis more sig-
nificant. In fact, compuing an optimal fixed variableorderingis
NP-hard,andit is geneally acceptedhat dynamicreorderingis
requiredwhendealingwith industrial-strengtltircuits.

Whenbasedts implementatioronthe Fine-Grainmethod FAR-
SIDEIMG hasdemamstrateda similarimprovemert over the origi-
nal Fine-Grainmethod.

5. Discussion of Hypothesis

One problemwe facedin evaluating our hypahesisthat con-
trolling peakBDD size by usingapproaimation/refinemeninside
theimagecompuationhasmerit, is thatthe focusof the proposed
methodis on minimizing the BDDs usedinsidetheimagecompu-
tation, not the overall BDDs usedin the reachale analysis. The
overall BDD datamight not be very informative sincea large part
of the BDDs are usedfor representinghe accumuatedreachable
stateswhich canbecomeyuitelargeneartheendof thereachability
analysis.Thuswe performedsomeexperimentsvhich attemptedo
measurelatamorerelevart to our hypothesis.

Forthecircuit s537&®pt, Figure3 compaesFARSIDEIMG (solid

line) andM L P (dottedline) ontwo differentparametersTheBDD
sizeof theintermediatgroduds, andthe peaknumberof live BDD
nodes. Note that the latter includesthe BDDs representinghe
accumulatedeachablestates. The BDD size of the intermediate
produds alongthe seriesof imagestepsis givenin the upperfig-
ure (with dynamicreordering),andthe peaknumberof live BDD
nodesencouneredduring the imagestepsof reachabilityanalysis
is givenin the lower figure. The horizontalaxis shawvs the image
stepsfrom 1to043,indicatingthesequetial depthof 43. Theupper
figure shaws that exceptfor a few iterations(e.g. Steps2,3,6and
8), the minimizationis effective at reducingthe maximumBDD
sizeof theintermediateprodud.

-
@
S

[N
@
S

- MLP
— New

[
I
S

[
)
S

=
1)
<]

@
S

AN

A npl
ATV

intermediate product (k)

ENE-Y
S o
—
g

n
]

o

21 26 31 36 41
reachable step

1 6 11 16

1.0E+08

L.0E+07 -~ - MLP (dynamic)

g — New (dynamic)
By --- MLP (fixed)
/ ----New (fixed)

peak live BDD node

i
1.0E+06 s
i

1.0E+05 +# 1 T T T T
1 6 11 16 21 26 31 36 41

reachable step

Figure 3: s5378op: The uppe partis the BDD sizeof the inter-

mediateproduds atdifferentstepsduringthereachabilityanalysis;
thelower partis thetotal numbe of live BDD nodeg(includesalso
the BDDs representinghe accumulatedeachablestates).

It is known that run timesusually are determinecdby the maxi-
mum BDD sizeof theintermediatgproductencouttiered;the upper
partin Figure3 is moreinstructive in explainingthereasorfor the
speed-upmchieved by FARSIDEIMG. We notethatin Figure3 the
peakoccursat iteration21, wherethe MLP sizeis about3 times
largerthanthe FARSIDEIMG size. The FARSIDEIMG sizepealed
neariteration29, at which the ML P sizewasabou thesame.The
curve with fixed orderingis similar.

Figure4 shows the effect of thetransitionrelationminimization
by FARSIDEIMG, i.e.,its BDD sizereductionin percentag at dif-
ferentimagestepsof the reachableanalysis.Fromtop down these
dataarefor circuitss5378op, prolog, ands3271 Datafor theother



circuits are similar. Eachgraphhas?2 curvwes: Onefor dynamic
variablereordering,and the other for fixed ordering. (The fixed
orderingwastaken at the endof the run with dynamicvariablere-
ordering.) For the first few iterations,the reductionin TR sizeis
substantial.Note that 50% on the curve meansthatthe BDD size
of the minimizedtransitionrelationis half of the BDD size of the
original one. As theiterationcountgrows, the sizereductionssat-
urateata mamginal valuecorrespadingto a 0 to 40%reduction.

In the saturationphase(the right side of the curves)the reduc-
tions aregreaterwhena fixed orderingis used. Fromthe datafor
s537&ptin Tablesl and2 we seethateventhoughthereductions
never fell to lessthan30%, reachabilityanalysisis 5 timesslowver
for MLP with fixed orderingthanwith dynamicreordering. This
might appeato beanomalos sincewe have attributedtime reduc-
tions with BDD size minimization. However, we note that these
dataare percentagsg, not absolutevalues. The size of the mini-
mized TR for fixed orderingis still much larger than the size of
the minimized TR for dynamic ordering,ascanbe seenfrom the
minimizedabsolutevaluesin thelower partof Figure3.

Theplateaudor s537&pt correspondo callsby the BDD man-
agerto the reorderingroutine (theseoccurredat iterations10, 17
and27). In betweenthesecalls, the reductionsfollow a saturating
patternsimilar to the curvesfor fixed BDD ordering. Sometimes
thereis a final phaseof increasededuction(the right side of the
cunwes),dueto the fact thatimagesize decreasesearthe end of
the reachabilityanalysis. (A smallerimage makes a bettercon-
straintfor minimization.)

For circuit prolog, reachabilityanalysisis more than an order
of magnitudefasterfor fixed ordering. (The size of the transition
relationfor fixed orderingis about2 timeslargerthanfor dynamic
ordering.) This is a casewherethe BDD reorderingitself takesa
largerproportionof thetime.

The bottompartof Figure4 pertainsto circuit s3271 With the
fixed ordering, this circuit can completeonly 4 iterationsbefore
runningoutof the750MB memory whereasvith dynamic reorder
ing, it cancompleteall 17 iterationsin only about30 minutes.Thus
eventhoughdynamicreorderingmakesit difficult to isolatethe ef-
fectsof algorithmicimprovemen, it appeas to be the only viable
optionfor somehardmodels.

6. Conclusions

We proposedan approxmation/refinemengapproah for image
compuation,in which asmuchaspossibledon't careinformation
is extractedandusedto reducethe peakBDD sizeduringthecom-
putation.Experimentdiave shawvn thatour nev methodfor compo-
sitional BDD minimizationis effective on average,andespecially
effective on moredifficult circuits. For circuitsrequiringmorethan
15 minutesfor reachabilityanalysis,FARSIDEIMG, implemented
on top of ML P, wassignificantlyfasterthanthe standardMLP in
16 out of 19 cases. Due to the additiona algorithmic overhead,
performarcewascomparale andsometimeslightly worsefor the
easiercircuits. It seemgeasonablethereforeto concludethatthe
new methodis morerobustin largeindustrial-strengtlapplications.

In thefuture,we wantto developahybrid approad, in whichthe
abstraction/refinemeiis turnedoff if it is not providing significant
BDD sizereductions Right now our nev methodis implemented
ontop of theVIS standardV L P andFINE-GRAIN methodsall the
experimenal datawerebasecdn a clusteringalgorithmdesignedo
achieve differentobjectives. This shouldbe regardedasa penalty
function in favor of the standardM L P and FINE-GRAIN, sinceit
is anopenquestionif thereis a specificclusteringmethodthatin-
creaseghe performane of the newv method This alsoshouldbe
includedin futurework.
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Figure 4: The BDD sizereductionof thetransitionrelationin per
centagd(i.e., theratio of the BDD size of minimizedtransitionre-
lationto thatof theoriginaltransitionrelation). With bothdynamic
variablereorderingandfixedordering.For threedifferentcircuits.
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