
Impr oving Ariadne’ s Bundle by Follo wing Multiple Thread s
in Abstraction Refinement

�

Chao Wang Bing Li HoonSang Jin Gary D. Hachtel Fabio Somenzi
Department of Electrical and Computer Engineering
University of Colorado at Boulder, CO 80309-0425�

wangc,bli,jinh,hachtel,fabio� @Colorado.EDU

Abstract
We proposeanabstractionrefinementmethodfor invariantcheck-
ing, which is basedon the simultaneous analysisof all abstract
counter examplesof shortestlengthin thecurrentabstraction.The
algorithmis focusedon an improvedAriadne’s Bundle1 of SORs
(SynchronousOnion Rings) of the abstractmodel; the transitions
throughtheseSORscontainall shortestACEs(AbstractCounter
Examples)and no other ACEs. The SORsare exploited in two
distinct waysto provide globalguidance to the abstractionrefine-
ment process:(1) Refinementvariableselectionis basedon the
entiretyof transitionsconnecting the SORs,and(2) a SAT-based
concretizationtest is formulatedto testall ACEs in the SORsat
once. We call this testmulti-threadconcretization. The scalabil-
ity of our refinementalgorithmis ensuredin thesensethatall the
analysisandcomputationrequiredin our refinementalgorithmare
conductedon theabstractmodel.

The abstraction efficiencyof a given abstractionrefinemental-
gorithm measureshow muchof the concretemodel is requiredto
make the decision. We includeexperimentalcomparisonsof our
new methodwith recentlypublishedtechniques[6, 4]. Theresults
show thatour scalablemethod,basedon globalguidancefrom the
entirebundleof shortestACEs,outperformstheseothermethodsin
termsof bothrun timeandabstractionefficiency.

1. Intr oduction
The primary obstacleto widespreaduseof formal verification

techniques,especiallycontemporarysymbolicmodelcheckingpro-
grams,remainsthecontinuing explosive growth in thecomplexity
of themodelonwhich theverificationpropertyis specified.This is
partly dueto Moore’s law—asthechipsthemselvesgrow in com-
plexity, the sizeof the circuit assignedto onedesigneror design
teamgrows commensurately. Anothercausefor explosive growth�
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1In the legendof Theseus,Ariadne’s bundlecontainedoneball of
threadtohelpTheseusnavigatethelabyrinth. In thispaperwework
with multiple threads—hencethe“improved.”
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is increasinguseof high level HDLs (HardwareDescriptionLan-
guages); modelswhoseimplementationrequiresthousands or tens
of thousandsof binarystatevariables(e.g.,registers)mayyet look
modestwhenconsideringtheir HDL descriptions.Recentpapers,
including this one,have shown thatsymbolicmodelcheckers,ex-
tendedto include an automatedabstractionrefinementparadigm,
still hold greatpromisein dealingwith stateexplosion.

In sucha paradigm,oneseeksthesimplestabstractmodelsuffi-
cientto decidetheproperty at hand.Thiscorrespondsto achieving
the maximium abstractionefficiency. However, the optimumab-
stractionproblemis hard[5], andexisting practicalabstractionand
refinementtechniquesdo not guaranteeor evenpursueglobalopti-
mality.

Automatedabstractiontechniquewas first introducedby Kur-
shan[16] in checking linear propertiesspecifiedby ω-regular au-
tomata,whereoverapproximationsuffice to prove a propertytrue.
In COSPAN [11], the initial abstractioncontainsonly the state
variablesin the property and leavesthe othersunconstrained; the
counterexampleobtainedfrom the abstractmodel was searched
for thevariablesappearingin it andmincut-maxflow eventually de-
terminedwhich variablesof the model comprisedthe refinement
step.

For logics like CTL [7] or the full µ-calculus [15], which ex-
pressalsoexistentialandmixedproperties,onehasto resortto both
underapproximationand overapproximation [14, 20, 12]. If one
wantsto prove a universalpropertyfalse,onecantry to concretize
thecounterexampleasdonein [16, 5], or useunderapproximation
asin [17]. Concretizationvia satisfiabilitywasintroduced in [22]
(whereanATPGprogramwasused)andimprovedin [6, 4].

However, in theseexistingmethods,only asingleabstractcount-
er exampleis usedfor concretizationtestandfor deriving the re-
finement;thissingleACEis usuallyarbitrarilychosen.Onecanar-
guethatadrawbackof thesemethodsis their“needle in ahaystack”
approach, lacking global criteriaor searchstrategies;we have ob-
served,onareal-world circuit, thatthenumberof theshortestACEs
canbelargerthan1045. Focusingon a singleACE amongsuchan
astronomicallylarge number of ACEsmakes it difficult to find a
setof refinementvariablessufficient to kill all ACEsof thecurrent
length L and thus might lead the refinementin the wrong direc-
tion; it might alsobedifficult to find a realcounter exampleby the
concretizationtest.

In contrast,we proposea new refinementalgorithmthat works
on globalguidance provided by the“improved Ariadne’s Bundle”
of all shortestACEs.Thisbundleis representedby thesetof SORs
(SynchronousOnionRings)of theabstractmodel.Eachonionring
is the intersectionof forward andbackward reachableonion rings
at the samenumberof time stepfrom (or to) the initial states.In
caseall of the shortestACEsarespurious,the refinementprocess



triesto find theminimalsetof refinementvariablessufficient to kill
all thegivenACEs(that is, sufficient to prove thatall ACEsof the
currentsetof SORsarespurious).

Thealgorithmdoesnot try to kill theentirebundlein oneshot;
rather, it tries to identify local variablesthat arecritical to the re-
finementaccordingto a gametheoreticapproachto exploiting the
global guidanceprovided by the SORs. It may take a setof re-
finementsteps,calleda generation of refinements,beforeall the
shortestACEsat a given lengthdisappear. From our experience,
typically only a few suchiterationsarerequired.

Like [4], the new algorithmalsoemploys a form of the refine-
mentminimizationfirst introducedin [22]. However we make this
taskmoreeffective by a techniquecalledgenerational refinement
minimization. This methodperformsminimizationbasedon test-
ing thenon-emptinessof theSORs,andis triggeredonly at theend
of eachrefinementgeneration.Notethatat thepoint we have a set
of refinementvariables,addedin this generation,thataresufficient
to kill the entireACEs in the SORs. We usea greedyapproach
that first tries to drop someof thesevariablesand thenchecksif
theSORscanstill bekilled, thusminimizing thesetof refinement
variablesin thisgeneration.

OurSAT-basedmulti-threadconcretizationtestdecideswith one
satisfiability check whetherany ACE in the SORscan be con-
cretized.Datashow thatthetimeto conduct this testis surprisingly
closeto theconcretizationtesttime for a singleACE, andusually
muchlessthantheoverall verificationtime.

In summary, our methoddiffers from previous counterexample
driven abstractionrefinementschemes[5, 22, 6, 4] in that: (1) It
handlesall shortestACEs,ratherthana singleshortestACE; (2) at
eachACE level in the concretizationtest,a setof abstractstates,
insteadof justoneabstractstate,areusedto constrainthebounded
unrolledconcrete modelat eachtime step;and(3) the refinement
is basedon theanalysisof all thespuriousACEswith agametheo-
reticapproach.Sincethis refinementvariableselectionmethodop-
eratessolelyon theabstractmodelandits local support variables,
it is morescalablethanthosemethodsthatinvolve computationon
theconcretemodel.

More recently, an automaticabstractionalgorithmbasedon the
unsatisfiableBMC runswasproposed[18], andit alsocanelimi-
nateall thecounterexamples.However, our refinementalgorithm
is BDD-basedandis conductedsolelyon theabstractmodels,wh-
ereastheirsis basedon computingtheunsatisfiableproof for con-
creteBMC instancesusingSAT. Furthermore,ourmulti-threadcon-
cretizationtestis alsodifferentfrom their plain BMC runs,for we
usethe SORsto restrictthe searchspace.In anotherrecentpaper
[9], multi-valuedcounterexamplewas usedto guide the refine-
ment.Thismulti-valuedannotationcollectsinformationfrom mul-
tiple counter examples,but is still differentfrom our SORsin the
sensethat it doesnot captureall theshortestACEs. (For example,
their concretizationtestdoesnot checkall theshortestACEs.)

We presenta thoroughexperimentalcomparisonof our new al-
gorithm to the BDD-basedinvariant checkalgorithm in VIS [3],
VIS’s BMC (BoundedModel Checking), the SepSetalgorithmof
[6] and the Conflict Analysis (CA) approach of [4]. For the pur-
poseof experimentalcomparision, we alsoimplementedthealgo-
rithmsof [6, 4]. Theexperimentswereconductedon circuitsfrom
both public-domain andindustry. Many of the modelsusedwere
kindly provided by theauthorsof [4]. After establishingnotation,
we discusshow to compute and deploy Ariadne’s bundle in the
abstractionrefinementprocess.This leadsto a discussionof the
new algorithm,its comparisonto our implementationof competing
methods, andindicationsfor promisingnew avenuesof research.

2. Preliminaries
In thissectionweestablishthebasicpropertiesof theconsidered

abstractions,andthendefineandillustratetheSORs.
A modelis givenin termsof: (1) A setof present-statevariables

x ��� x1 ���	�
�	� xm � ; (2) a setof input variablesw ��� w1 ���	�	�	� wn � ; and
(3) a setof next-statevariablesy �
� y1 ���	�
�	� ym � . Thus,the model
M canberepresentedby thepair � T � I � , whereT � x � w� y� is thetran-
sition relation,and I � x� is thesetof initial states.We assumethat
theconcretemodelis thesynchronouscomposition of a collection
of m elementarycomponents,eachof which containsexactly one
statevariable.Let J ��� 1 ��������� m� ; then,

T � x � w� y�����
j � J

Tj � x � w� y j � �
whereTj � x � w� y j � is the transitionrelationof the jth binary state
variable,andthusdependsononenext-statevariable.Tj � x � w� y j � is
definedas � yj � δ j � x � w��� , whereδ j � x � w� is thetransitionfunction
of the j th statevariable.

The abstractmodel consistsof k � m elementarycomponents.
Let Ĵ ��� 1 ��������� k � � J. Then,

T̂ � x̂ � ŵ � ŷ�!� �
j � Ĵ

Tj � x̂ � ŵ � ŷ j � �
Hereŷ �"� y j # j $ Ĵ � is thesubsetof next-statevariablesin theab-
stractmodel.Let x̂ denotethesubsetof present-statevariablescor-
responding to ŷ, x can be bipartitionedinto x̂ (statevariablesin
theabstractmodel)andx̌ � x % x̂ (statevariablesthatareabstracted
away). During thesymbolicmodelcheckingof theabstractmodel,
variablesin x̌ aretreatedasinputs;ŵ ��� x̌ � w� is now theentireset
of inputvariablesfor theabstractmodel.M̂ ��� T̂ � x̂ � ŵ � ŷ� � Î � x̂ ��� rep-
resentsanover-approximationof theoriginal model. Informally, Î
is anexistentialprojectionof I : An abstractstateis calledinitial if
it containsa concreteinitial state.

In the sequel, we will assumethat the given property is an in-
variant &(' p (that is, “ p holdsglobally on all paths”). The states
satisfyingthe propositionalpropertyp arealsoabstractedby pro-
jection: If anabstractstatecontainsa concretestatethat is labeled
by p, thenit too will be labeledby p. ThustheabstractmodelM̂
simulatestheconcretemodelM, and,if thepropertypasseson the
abstractmodel,it alsopasseson the concretemodel. However, if
thepropertyfailsandanabstractcounterexampleisgeneratedfrom
aninitial stateto a ) p state,it mayor maynot bea CCE(concrete
counterexample).A concretizationtestdetermineswhetheranab-
stractcounterexampleis real or spurious.In thepublishedworks
[6, 4], given an ACE s0s1 ����� sL, sucha concretizationtestbuilds
a length-L bounded concretemodel (unrolling the model exactly
L time steps)andconstrainsit at eachtime stepwith the abstract
statesi ; a satisfiabilitycheckis thenconductedon this constrained
boundedmodel,eitherby SAT-solversor by ATPGengines.If the
ACE is concretizable(i.e., thereexists a satisfiableassignment),
thepropertyfailswith a realcounterexample;otherwise,theresult
is still inconclusive and we have to refine the abstractmodel, by
composing moreelementarytransitionrelations.

Our new algorithmis basedon thesynchronousonionringsdis-
cussedbelow, whichareobtainedby forwardandbackwardtravers-
ing thestatetransitiongraphof themodel.

The abstractionwe call “Ariadne’s Bundle” is a subsetof the
transitionsof T̂, asillustratedin Fig. 1. Thestatetransitiongraph
of the abstractmodel M̂ is shown in Part (1). Abstract forward
reachabilityfrom Î givesthe indicatedsetsof statescalledthefor-
wardonionrings: F1 �*� 3 � 4 � 5� , etc..Notethat ) p is first reached
at the3rd stepof thesearch.An analogousbackward reachability
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Figure1: Ariadne’s bundleof synchronousonionrings.

from the , p statein the3rd stepwouldreachstates- 8 . 9 / atthe2nd

step, - 5 / at the 1st step,andthe initial state2. Both forward and
backward abstractonion rings inducesubrelationsof T̂, and thus
canbeusedto restrictthesearchspaceon theconcretemodel[10].
Taking the intersectionof the two setsof statesat eachstepgives
thesynchronousonionrings

S0 0 - 2 /1. S1 0 - 5 /2. S2 0 - 8 . 9 /3. S3 0 - 12/"4
The term “Ariadne’s bundle” refersto the subrelationTB induced
by considering only thetransitionsof T̂ betweena stateatonestep
to anotherstatein thenext stepin theSORs.It comprisesthebun-
dle of all shortestACEs,andno otherACEs. In this simplecase
therearetwo shortestACEs,bothof length3. In practice,however,
thenumberof ACEsin theSORsis typically astronomicallylarge.

Comparingthestatetransitiongraphof Ariadne’s bundleto the
originalstatetransitiongraph, onecannotesubstantialreductionin
thenumberof statesandtransitions.Thuswhile theabstractionT̂
canbemuchsimplerthantheconcretesystemT, Ariadne’s bundle
canbemuchsimplerstill.

3. GenerationalRefinement
We begin illustrating the genericprocessof the abstractionand

refinement,by treatingthesimpleexamplein Fig. 2. Theconcrete
modelM is thesynchronouscomposition of threecomponents:M1,
M2, andM3. Thatis,

M 0 M1 5 M2 5 M3 4
EachcomponentMi hasonestatevariablevi . In M1, thestatevari-
ablev1 cantake4 valuesandthusmustbeimplementedby 2 binary
variables;theothertwo statevariables(v2 . v3) arebinaryvariables.
Thevariablev4, whichappearson theedgesin M1, is aprimaryin-
put. Thepropertyof interestis AG 6 v1 70 38 , i.e.,State3 in M1 is not
reachable. The right part in Fig. 2 givesthe statetransitiongraph
of theconcretemodelM. It is not difficult to seethat theproperty
fails on theconcretemodel,asshown by thebold edges, which ex-
hibits the length-4CCE (ConcreteCounterExample): (000, 111,
200,211,300).

Let theinitial abstractionbeM̂ 0 M1, thatis, only thestatevari-
ableappearingin thegivenpropertyis preserved, andall theother
statevariablesaretreatedasinputs. Note that thereis an abstract
counter-exampleof length 3: (0 , 1 , 2 , 3 ); this ACE is
spuriousbecause it is not concretizable on M.
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Figure2: A simpleexample.
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Figure3: Therefinementprocess.

Although this exampleis extremelysimple, it demonstratesan
importantaspectof the abstraction/refinementprocess. Refine-
mentmechanismslike thosein [5, 6], sincethey areactuatedby a
singleACE,might pick only variablev2 for refinement.However,
after this refinement,anACE of length3 still exists; for example,
it couldbe(00 , 10 , 21 , 30 ). This shows that - v2 / is not a suf-
ficient refinementsetto kill theACE (0 , 1 , 2 , 3 ). This is
suggestive of thedangerof placingtoo muchrefinementemphasis
on a singleACE.Of course,this is muchmoreof a problemwhen
theSORscontainanextremelylargenumberof shortestACEs. In
this casechoosingtherefinementvariableson thebasisof a single
ACEcouldbeineffective.

Wenow discussandillustratetheproposedframework of gener-
ationalSOR-basedrefinement,usingtheabove example.Notethat
in building the SORs,self loopsandbackedgesareprunedaway
to focuson theshortestACEsin thecurrentabstractmodel. In the
initial abstractmodelM̂ 0 M1, all theshortestACEsareof length
3, and the SORsare just the 4 statesof M1, connectedby the 4
forwardedges.

Becausethe first generation of shortestACEsare of length 3,
we startour refinementprocessby dealingwith all theselength-3
SORsuntil all of themarekilled. Theseinitial SORsareshown in
Part (a) of Fig. 3. Notethat in M1 only edgesfrom state2 to states
1, 2, and 3 are labeled. As discussedbelow in Section5, these
labelscauseourvariableselectionroutineto pick variablev2 for the
first refinement.Therefinedabstractmodelwill beM̂ 0 M1 5 M2;
however, M̂ is not constructedin this naive way, but by a more
efficient two-stepprocess.

First,wesplit thestatesaccordingto thelabelson theiroutgoing
edges,asshown in Part (b) of Fig. 3. Becauseof the label v2 ö
v4, the last abstractedge,(2 ,3 ), is split into 2, ratherthan4
refinededges. State20 is now backward unreachable from , p,
so its two incomingedges,(10 ,20 ) and(11 ,20 ), areremoved.
Theoutgoing edgesfrom State01 areremovedbecause01 is not
an initial state.Stateslike 20 arecalledthe deadendstates.The



Figure 4: The effect of the generationalrefinement,with the re-
finementminimization.

concept of deadendstatesis critically involved in the refinement
variableselectionalgorithm,asdiscussedbelow in Section5. We
muststressthatall thesesplits,whichmake theSORschangefrom
the one in Part (a) to the one in Part (b), are donebeforeM2 is
brought in.

Thesecondstepof refinementis to actuallytakethecomposition
of M2 with the remainingedgesof the SORs(i.e., thoseedgesin
Part (b)). Thiskills theedges(11 ,21 ) and(21 ,31 ), andleadsto
thereducedSORsin Part (c).

After theabove refinementstep,we arestill at thelength-3gen-
eration; the numberof length-3spuriousACEs is decreased,but
wehave notkilled themall. At thispoint,v3 will beselectedasthe
next refinementvariable. We thenproceedto againtake the first
part of the two-steprefinementprocess,as illustratedin Part (d).
Theresultis adisconnectionof I and ÷ p, sinceafterthis reduction
thereis no outgoing edgefrom thesoleremaininginitial state.

At thispoint,wehaveproventhatthereis noCCEof length3,so
this generationof refinementsis complete.Note thatduring these
two refinementsteps(i.e.,addingv2 andaddingv3), theSORsare
updated incrementally, thatis, insidetheexisting SORs.TheBDD
don’t caresassociatedwith this incrementalprocesslend critical
efficiency to theSORsrefinementprocess.

Next, werebuild theSORsfrom scratch,whichnow areof length
4, asis shown in Part (e). This final setof SORscontainsa single
ACE, which is concretizable, as discussedabove in referenceto
Fig. 2. Sowe know thegivenproperty fails.

Theeffect of thegenerational refinementsis illustratedin Fig. 4,
which is obtainedfrom a real-world circuit on which the given
propertyis true.Theuppercurve is thenumberof statevariablesin
theabstractmodelatdifferentrefinementsteps,andthelowercurve
is theshortestACE lengthsat differentrefinementsteps.A gener-
ationconsistsof anumberof consecutiverefinementsteps,all with
SORsof the samelength. Note that every time the shortestACE
lengthchanges,thenumberof abstractvariablesmaydecrease;this
is due to the greedyrefinementminimizationprocedure that tries
to keeptheabstractionassmallaspossible.Our experienceshows
thatthis is critical in achieving ahigh abstractionefficiency.

4. The Algorithms
Let ø S0 ù S1 ù�ú�ú�ú�ù SL û be the length-L synchronized onion rings,

whereS0 is the setof initial states,SL consistsof statessatisfying÷ p, andtheSj (0 ü j ü L) is thesetof abstractstatesontheshortest
abstractpathsfrom S0 to SL.

GRAB ý M þ Φ ÿ��
1 M̂ � INITIALABSTRACTION ý M þ Φ ÿ
2 while (1) � //Loop over SORswith different length
3 � Sl � = COMPUTESORSý M̂ þ Φ ÿ
4 if ( � Sl � is empty)
5 return TRUE
6 CCE= MULTITHREADCONCRETIZATION ý M þ Φ þ�� Sl � ÿ
7 if (CCEnot empty)
8 return (FALSE, CCE)
9 � Sl

R
� ��� Sl �

10 while (1) � //Loop over refinements for currentlength
11 M̂ = REFINEABSTRACTION ý M̂ þ�� Sl

R
� ÿ

12 � Sl
R
� = REDUCESORS ý M̂ þ�� Sl

R
� þ Φ ÿ

13 if ( � Sl
R
� is empty)

14 break
15 �
16 M̂ = REFINEMENTM INIMIZATION ý M̂ þ�� Sl � ÿ���
REFINEABSTRACTION ý M̂ þ�� Sl � ÿ	�
17 wS ��� � , wE � ŵ
18 while ( 
wS 
�� threshold) �
19 v � PICKBESTVAR ý M̂ þ�� Sl � ÿ
20 wS � wS 
 � v� , wE � wE � � v�
21 �
22 return COMPUTEABSTRACTION ý M̂ þ wSÿ	�

Figure5: Abstraction-RefinementalgorithmGRAB.

4.1 The Overall Algorithm of GRAB

Thepseudo codeof our abstractionandrefinementalgorithmis
given in Fig. 5. We call the algorithm GRAB, for Generational
Refinementof Ariadne’s Bundle.GRAB acceptsasinputsthecon-
cretemodel M andthepropertyΦ (in this paper, Φ ����� p, where
p is a propositional formulaover thestatevariables.)

First,aninitial abstractmodelM̂ is created,with only thosestate
variablesthatappear in thelocal supportof theproperty. Theouter
loopisoverthelength,L, of thecurrentgenerationof refinedSORs.
As theabstractmodelis graduallyrefined,L is guaranteedto grow
monotonically in theouterloop.

The actionstartsin Line 3, whereBDD-basedforward reacha-
bility analysisis usedto compute theforwardonionringsfrom the
initial statesto ÷ p states.If ÷ p cannotbereachedonM̂, it cannot
be reachedin M either. In this caseof early termination,GRAB

returnsTRUE. Otherwise,we computethefirst setof SORsof the
currentlengthL.

A SAT-basedconcretizationtestof thecurrenttheSORsis then
conductedon the concretemodel. Here,we simultaneouslytry to
concretizeall theACEspresentin theSORsby oneSAT instance.
If any ACE of the currentlengthcanbe concretized,we have the
secondcaseof early termination(Line 8). Thusthe propertyΦ is
proved FALSE, and the CCE (ConcreteCounterExample)is re-
turned.

Otherwise,we startthe inner loop over the refinementsfor this
generation.The length of the SORs(Sl

R standsfor the “reduced
SORs”)doesnotchangein theinnerloop,but thenumberof ACEs
in it decreasesmonotonically. Note that thereis no concretization
test in the inner loop, for all the ACEs in Sl

R have beenproved
spurious.

Eachtime theabstractmodelis refined(Line 11), theSORsare
reduced(Line 12)until all thespuriousACEsin themareremoved.
Typically a few passesthroughthe inner loop producethe break-
out,which impliesthecurrentgeneration of refinementconstitutes
a sufficient setthatkills theentirelength-L SORs.



The detailsof the subprocedurecalls at Lines 6 and16 will be
discussed� in the following two subsections.We reserve the treat-
mentof REFINEABSTRACTION (Line 11) and the gametheoretic
heuristicPICKBESTVAR for Section5.

Priorart in abstraction/refinementalgorithms[5, 6, 4] canbede-
scribedwith a similar framework of pseudocode. However, these
algorithmsareall basedontheanalysisof asingleabstractcounter-
example. We note that even an optimum refinementbasedon a
singleACE could not necessarilyguaranteea goodoverall refine-
ment,although ourexperimentalresultsshow thatsometimesgood
resultscanbeobtained.Wewill compareGRAB to thesealternative
methodsin theexperimentalresultssection.

4.2 Multi-Thr eadConcretization Test
The multi-threadconcretizationtest is formulatedas a satisfi-

ability problem,which canbe solved by the state-of-the-artSAT
solvers. For this purpose,the concretetransitionrelationsareun-
rolled to lengthL andconstrainedat eachtime stepby the corre-
sponding SOR.To achieve this, we translatethesesSORsinto the
CNF (Conjunctive Normal Form) format. Let the CNF formula
Ψ � ΨM � ΨS, whereΨM representstheboundedconcretemodel,
andΨS represetstheconstraintsfrom theabstractSORs.

ΨM � I � X0 ���
0 � l � L T � Xl �Wl � Xl � 1 ���

ΨS � �
0 � l � L Sl � Xl � �

whereXl andWl arethe statevariablesandinputsat the lth time
step.(ΨM is constructedby unrolling theconcretemodelexactlyL
timesteps,andrepresentingthenew bounded modelwith only and
gatesand inverters. Theand-inverter graphis thentranslatedinto
the CNF format.) Note that this is similar to building a length-L
instancein BoundedModel Checking(BMC) [2].

In theBDD-basedmodelchecker, eachSl of theSORsis aBDD
representationof asetof statesat thel th timestep.In orderto build
the CNF formula for Sl � Xl � , an and-inverter graphmustbe built
for that BDD; in our implementation,this is doneby converting
eachBDD nodeinto a 2-input multiplexer (which in turn canbe
representedby 3 nand gates)[10]. Oncethe and-inverter graphs
arebuilt, encoding theminto CNF is straightforward.

Ψ is satisfiableiff thereexistsa concretecounterexampleinside
the abstractSORs. If satisfiable,the assignmentreturnedby the
SAT solver representsaCCEfrom aninitial stateto a ! p state.

4.3 RefinementMinimization
Given a sufficient setof refinementvariables,andthe spurious

ACE(s), the refinementminimization problemcan be definedas
finding theminimal subsetof refinementvariablesthatcankill the
spuriousACE(s). Refinementminimizationwasfirst proposedin
[22] and thenusedin [4], wherea singleACE wasused;the re-
finementminimizationwastriggeredevery time a singleACE was
killed.

In our method,however, we do not try to achieve sucha local
minimality; we conduct the minimizationonly at the endof each
generation, whenall the length-L ACEshave beenkilled. There-
sult is a potentiallymoreglobal mimimality – the minimal setof
refinementvariablesis with respectto thebundleof ACEs.

Our refinementminimizationalsousestheSAT solvers,andthe
satisfiabilitychecksin it is similar to the multi-threadconcretiza-
tion test. For eachvariablein the sufficient set,we first try to re-
move it from theset,theSAT solver is thenusedto checkwhether
the killed ACEscomeback. If they do not comeback, that vari-
ableis proved to be redundant, otherwise,it mustbe addedback.
Unlike themulti-threadconcretizationtest,thesatisfiabilitychecks

hereareconducted on the abstractmodels,so they can be much
easierto solve.

5. Game-Theoretic Refinement
In this sectionwe explain the algorithm usedin REFINEABS-

TRACTION, andwedothisby first formalizingtherefinementprob-
lem asa game.The setof invisible variables, x̌, arethe freevari-
ables(i.e., inputs) in M̂. Let x̌ be partitionedinto two sets(x̌ �
wE " wS): wE arethevariablescontrolledby a hostileenvironment
to force theabstractsystemM̂ throughthe spuriousACEs;the re-
maining variableswS are controlledby the abstractsystemM̂ to
play againstthehostileenvironment.

Given M̂, the two setswE, wS and a target predicate! p, the
modelchecking of #�$ p onM̂ canbeviewedasa two-playercon-
currentreachabilitygame[8][13]. Thepositionsof thegamecorre-
spondto thestatesof M̂; thetwo playersarethehostileenvironment
andthe abstractsystem. FromonepositionX̂ (X̂ is a valuationof
x̂; similarly let capitalvaluesof othervectornamesstandfor their
valuations),the environment(player) choosesvaluesfor the vari-
ablesin wE andsimultaneouslythesystem(player)chooses values
for variablesin wS. Thenew positionis computedastheuniqueŶ
satisfyingT � X̂ � X̌ � Ŷ � . Thegoalof thehostileenvironmentis to go
throughspuriouspathsandreacha statelabeled! p in spiteof the
abstractsystem’s opposition.

A (memoryless)strategy for the environment is a function that
mapseachstateof M̂ to onevaluationof thevariablesin wE. Like-
wise,a strategy for thesystemis a functionthatmapseachstateof
M̂ to onevaluationof thevariablesin wS. A positionX̂ is awinning
positionfor theenvironment if thereexistsanenvironmentstrategy
suchthat, for all systemstrategies, ! p is eventually satisfied. If
wE � x̌ (thehostileenvironment controlsall theinvisiblevariables)
andM̂ is deterministic,theenvironmentcanforcethesystemalong
any spuriousACEs. Note that this is exactly thecasein M̂ before
therefinement.

Therefinementproblemcanbestatedasfollows: Amongall the
possiblepartitionsof x̌ � wE " wS, we choose the one that gives
the environmentthe leastnumber of winning positions.Note that
in a “MinMax” gamewithout a “win-win strategy”, the partition
thatfavorsthehostileenvironmenttheleastalsofavorstheabstract
systemmost. Thenwe refinewith the variablesin wS by adding
their transitionbit-relationinto theabstractmodel;thismakesthem
not freevariablesany more(in thegame,they will becontrolledby
theabstractsystem).

Given a partition % wE
� wS& of the x̌ variables,and the abstract

SORs % Sj & , the environment’s winning positionsinsideSj canbe
representedsymbolicallyas'

wE ( ) wS( ' ŷ (+*Sj � x̂ � � T̂ � x̂ � x̌ � ŷ� � Sj � 1 � ŷ�-,
which is the setof statesfrom which the hostileenvironment can
force the abstractsystemto Sj � 1 despiteits opposition. Note that
althoughuniversal abstractionis not thesameoperationascompo-
sition, they both reducethe number of enabled edges.Further, it
canbeshown thatwhenanedgelabelhasa variablewhich factors
outof its label(all theedgesin Fig.6 excepttheedgefrom state5 to
state7), thencomposingthatvariablewith theabstractmodelsplits
theabstractedgeinto 2 edges(insteadof 4). For suchedges,asplit
is created,in which oneof thetwo split nodeshasno fanout—that
is, it is a deadend split.

Let usconsider theabstractmodelin Fig. 6 asanexample.Sup-
poseI �.% 1 � 2 � 5 � 6 & . Then,S0 � I �/% 1 � 2 � 5 � 6& , S1 �.% 3 � 4& , x̌ �
% g � f & . Whenthepartitionis suchthatwE �0% g& andwS ��% f & , the
winning positionfor theenvironment is % 1 � 2 & . State1 is awinning
positionfor theenvironmentbecause,whenthehostileenvironment
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Figure6: Illustrationof thewinning position.

choosesthevaluationg T 1, theabstractsystemwill beforcedto aU p state(either3 or 4) no matterwhat its strategy (thevalueof f )
is .

Giventhepartition V wE W wSX , thenormalizednumberof winning
positionsfor theenvironment insideabstractstatesSj canbecom-
putedas

N Y wE ZwS [
j T

\ ]
wE ^ _ wS ^ ] ŷ ^+`Sj a x̂ bdc T̂ a x̂ W x̌ W ŷbdc Sj e 1 a ŷb-f \\

Sj a x̂b \
Here

\ ^ \ standsfor thecardinality(or numberof states).For the
purposeof refinement,we seeksucha partition that,whenadding
thewS variablesinto theabstractmodel,removesthe largestnum-
berof spurious edges. Nj , theestimatednumberof spuriousedges
that might be killed, is a good indicatorof the impactof refining
with respectto thewS variables.Thuswe preferthepartition that
givesNj thelowestvalue.

Accordingto thedefinitionof Nj andthegivenexamplein Fig.6,

N YgY g Z f [�Z Y [g[0 T 1 ^ 0 W
N YgY g [�Z Y f [g[0 T 0 ^ 5 W
N YgY f [�Z Y g [g[0 T 0 ^ 25W
N YgY [�Z Y g Z f [g[0 T 0 ^ 0 ^

This indicatesthatg is a bettercandidatethan f for therefinement,
because putting g alonein wS gives the hostile environment one
winning position,while putting f alonein wS givesit two winning
positions.

Our refinementgoal is to selecta smallsetof invisible variables
into wS suchthatthepartition V wE W wSX minimizesthe

∑
0 h j h l

N Y wE ZwS [
j Wi_ V wE W wSX ^

This is greedilyapproximatedinsideREFINEABSTRACTION: The
onevariablethatminimizestheabove number is repeatedlypicked
(Line 19 in Fig. 5). In any case,thosewS variables,togetherwith
their transitionbit-relation,will beput into our refinedmodel.

Thecomputationof
]
wE ^ _ wS ^ ] ŷ ^+`Sj a x̂bjc T̂ a x̂ W x̌ W ŷbjc Sj e 1 a ŷb-f can

bemademoreefficientby pulling Sj outof thequantifications,and
by sharingthecommonintermediateresult

]
ŷ ^k` T̂ a x̂ W x̌ W ŷbjc Sj e 1 a ŷb-f .

We alsopoint out that,thesubsetV wE W wSX containsonly invisible
variablesthatarein thelocalsupport of thecurrentabstractmodel.

6. Experiments
We have implementedthe GRAB algorithm and two compet-

ing refinementalgorithmsin VIS-2.0 [3, 21]. We useCUDD for
theBDD-basedcomputation,andChaff [19] astheback-endSAT
solver. Theexperimentswererun underLinux on anIBM IntelliS-
tation with a 1.7 GHz Intel Pentium4 CPU,2 GB of RAM. CPU
timesarein secondsandareall-inclusive.

Table1 comparestwo variantsof the GRAB algorithmagainst
theBDD-basedinvariantcheckingalgorithmin VIS (CI), Bounded
Model Checking(BMC), the SepSetalgorithm [6], a variant of
SepSetcalledSepSet+,andthe conflict analysisalgorithmof [4].
The CI experiments consistof forward reachabilityanalysiswith
early termination. For BMC, only the timesfor failing properties
are reported. (BMC in VIS checksfor inductive invariants,but
noneof our invariantsis inductive.) Thevariantof GRAB denoted
by GRAB– doesnot performrefinementminimization.Thevariant
SepSet+differs from SepSetbecauseit minimizesthe numberof
variablesin theseparationset,insteadof thesizeof theseparation
tree.

Eachmodelchecking run waslimited to 8 hours.Dynamicvari-
ablereorderingwasenabled(with methodsift) for all BDD opera-
tions. Thecomparisonwasconductedon 14 models,comingfrom
bothindustryandtheVIS verificationbenchmarks [21].

In Table1, the second column lists the numberof binary vari-
ablesin theconeof influence(COI) of theproperty. Thethird col-
umn shows the lengthof the counterexample,or of the last ACE
encounteredby GRAB if thepropertyholds(indicatedby a T).

For eachof the abstractionrefinementmethodscompared, iter
is thenumberof refinementiterations;regsis thenumber of state
variablesin theproof or disproof.If anexperimentranout of time,
thenumber of iterationsperformedup to thatpoint andthenumber
of statevariablesin thelastabstractmodelaregivenin parentheses.
For GRAB we also report sat, the time spentin the SAT solver
during ACE concretization.Note that in GRAB iter canbe larger
thanregsbecauseof refinementminimization.

Notethatbothvariantsof theGRAB algorithmsignificantlyout-
performCI, SepSet,andCA in termsof CPUtime. BMC hasthe
besttimesfor severalfailing properties,but failsto completefor the
hardestproblemsandfor thepassingproperties.Regardingthesize
of theBDDs,GRAB is muchmoreefficientthanCI; SepSetandCA
have evenfewer BDD nodes,becausethey usetheSAT solver (in-
steadof BDDs) to computetherefinement;unlike GRAB, they do
not needbackwardreachability analysis.BMC usesno BDDs.

In theI12-p1instance,thesat timefor GRAB is markedly higher
thanelsewhere.This is becauseI12-p1is a modelinheriantlyhard
for BMC/SAT; it is a failing property, andBMC cannot solve it
within 8 hours.

Table2 comparesthefinal abstractionsof GRAB andCA. In the
table,g is thefinal setof statevariablesproduced by GRAB, while
c is thefinal setof statevariablesproducedby CA. Thefirst three
columnsarerepeatedfrom Table1.

Table 2 shows that in general thereis very goodcorrelationbe-
tweenthe final abstractionsproduced by CA and GRAB. In the
23 experimentsthatbothmethods completed,GRAB andCA pro-
ducedthesamefinal abstractionin four cases.In another10 cases,
theabstractionproducedby GRAB is strictly betterthantheoneof
CA. Conversely, in two cases,CA producesan abstractionthat is
strictly betterthantheoneof GRAB. Thesedifferencesarein parta
consequenceof applyingrefinementminimizationonceeveryouter
iterationin GRAB, insteadof onceevery inner iteration.Theother
sourcesof differencearethe orderin which variablesareselected
for refinement(this is what happens in D24-p2)and the order in
which they areconsideredby thegreedyminimizationprocedure.

Thoughwe exerciseddiligencein implementingthe algorithms
of [6, 4], thereremaindifferencesbetweenthe originalsand our
rewritings. For instance,our currentimplementation,considersthe
bit relationof onestatevariableasan atom: Whena variablebe-
comespartof theabstractmodel,all thestatevariablesin its sup-
portbecomeinputsto themodel.This is not thecaseof theoriginal
methodsof [6, 4], andwill in somecasesimpedethesearchfor a



Table1: Performancecomparisonfor invariantcheckingalgorithms.
circuit COI cex CI BMC SepSet SepSet+ CA GRAB– GRAB

regs len time time time iter regs time iter regs time iter regs time iter regs time iter regs sat

D1-p1l 101 9 45 1 48 11 38 74 9 21 98 15 26 9 18 21 9 18 21 1
D23-p1 85 5 7 1 8 2 21 17 2 21 11 1 21 29 5 23 20 5 21 1
D24-p1 147 9 m 8 h 27 1 0 4 1 0 4 1 0 4 1 0 4 1 0 4 1
D24-p2 147 T(9) m 8 h - 6982 2 8 7087 2 8 2153 34 77 1 3 8 3 3 8 1
D1-p2 101 13 1947 2 1774 27 45 962 23 38 423 28 44 27 25 28 51 37 23 1
D22-p1 140 10 58 2 615 3 133 1005 5 135 728 3 133 537 3 134 720 3 132 1
D1-p3 101 15 1157 3 623 22 36 446 19 32 636 25 39 39 23 27 56 34 25 2
D24-p5 147 T(2) m 8 h - 310 4 7 944 3 7 36 4 11 4 4 6 3 4 5 1
D12-p1 48 16 5 5 106 22 32 124 20 35 64 12 28 6 17 24 14 25 23 1
D2-p1 94 14 166 6 147 5 48 280 5 48 239 7 50 124 5 53 180 10 48 1
D16-p1 531 8 837 10 m 8 h (35) (41) m 8 h (36) (41) 890 3 16 282 9 14 92 9 14 5
D24-p3 147 T(3) m 8 h - m 8 h (1) (4) m 8 h (2) (4) 62 5 11 37 6 8 20 6 8 1
D5-p1 319 31 513 58 43 4 13 148 4 13 82 3 13 26 9 18 31 9 18 12
D24-p4 147 T(3) m 8 h - 545 4 7 711 4 7 70 5 11 29 6 8 43 6 8 1
D21-p1 92 26 63 3787 3790 39 88 2402 36 85 1922 28 79 1010 11 76 2817 26 66 3
B-p1 124 T(18) 7453 - 4359 14 27 4360 14 27 284 5 19 88 19 24 173 19 18 6
B-p2 124 17 12988 150 110 2 7 115 2 7 108 2 7 220 8 13 93 8 7 11
M0-p1 221 T(3) m 8 h - m 8 h (0) (3) m 8 h (0) (3) 1182 9 19 219 14 17 136 14 16 20
B-p3 124 T(4) 12466 - m 8 h (74) (80) m 8 h (95) (101) 167 6 42 144 35 52 223 35 43 2
D21-p2 92 28 152 10515 4146 36 85 2930 37 86 2962 30 83 2079 19 89 4635 41 70 6
B-p4 124 T(5) 7089 - 9255 49 67 10360 54 68 228 8 43 157 36 54 393 47 42 3
B-p0 124 T(17) 7467 - m 8 h (54) (61) m 8 h (39) (47) 2644 7 49 330 28 29 1256 32 24 10
rcu-p1 2453 T(2) m 8 h - 375 7 11 375 7 11 m 8 h 5 (9) 197 9 12 195 9 10 0
D4-p2 230 T(19) 765 - m 8 h (5) (16) m 8 h (10) (22) m 8 h (3) (171) 682 38 69 1103 69 38 6
I12-p1 119 370 m 8 h m 8 h 6202 26 31 6062 26 31 m 8 h (3) (61) 3025 15 20 2503 30 16 1382

goodabstraction.However, thedrawbackis sharedby all methods
we implemented, andthereforeshouldnot have a major impacton
thecomparisonwepresent.

Furtherevidence for the importanceof global guidance is pro-
vided by an analysisof abstractionefficiency for 80 mid-sizetest
casesfrom theVIS Benchmarks. Eachtestcasehasapassingprop-
ertyandanon-trivial abstractmodel.(It requiresat leastonerefine-
mentiteration.) The abstractionefficiency is 0 (100%) if the final
modelcontainsall (no) statevariables.Fig. 7 shows scatterplotsof
theabstractionefficiency of SepSet,CA, andGRAB. SepSet+be-
haveslike SepSet.Eachpoint below thediagonal representsa win
for GRAB.

Table 2: Thecorrelationbetweenthefinal proofs(GRAB vs.CA).
circuit COI cex n g n n c n ng o c n n g p c n n g q c n n c q g n subset?

D1-p1 101 9 21 26 27 20 1 6 no
D23-p1 85 5 21 21 21 21 0 0 yes
D24-p1 147 9 4 4 4 4 0 0 yes
D24-p2 147 T(9) 8 77 77 8 0 69 strict
D1-p2 101 13 23 44 44 23 0 21 strict
D22-p1 140 10 132 133 133 132 0 1 strict
D1-p3 101 15 25 39 40 24 1 15 no
D24-p5 147 T(2) 5 11 11 5 0 6 strict
D12-p1 48 16 23 28 28 23 0 5 strict
D2-p1 94 14 48 50 50 48 0 2 strict
D16-p1 531 8 14 16 16 14 0 2 strict
D24-p3 147 T(3) 8 11 13 6 2 5 no
D5-p1 319 31 18 13 18 13 5 0 strict
D24-p4 147 T(3) 8 11 13 6 2 5 no
D21-p1 92 26 66 79 81 64 2 15 no
B-p1 124 T(18) 18 19 19 18 0 1 strict
B-p2 124 17 7 7 7 7 0 0 yes
M0-p1 221 T(3) 16 19 21 14 2 5 no
B-p3 124 T(4) 43 42 43 42 1 0 strict
D21-p2 92 28 70 83 85 68 2 15 no
B-p4 124 T(5) 42 43 43 42 0 1 strict
B-p0 124 T(17) 24 49 49 24 0 25 strict
rcu-p1 2453 T(3) 10 (9) ? ? ? ? strict
D4-p2 230 T(19) 38 (171) ? ? ? ? ?
I12-p1 119 370 16 (61) ? ? ? ? ?

0

20

40

60

80

100

0 20 40 60 80 100

A
bs

tr
ac

tio
n 

ef
fic

ie
nc

y 
by

 m
et

ho
d 

se
pS

et

r

Abstraction efficiency by method GRAB

0

20

40

60

80

100

0 20 40 60 80 100
A

bs
tr

ac
tio

n 
ef

fic
ie

nc
y 

by
 m

et
ho

d 
C

A

s

Abstraction efficiency by method GRAB

Figure 7: Comparisonof theabstractionefficiency: (1) GRAB vs.
SepSet;(2) GRAB vs.CA.

Scatterplotsfor theotherpairsof methods(notshown for lackof
space)show no clearwinner.

Refinementminimization,thoughessentialfor goodperformance
of CA, doesnot always improve CPU time when appliedto our
refinementscheme:The time spentcheckingthe variablesfor re-
dundancy andtheadditionaliterationsarenot alwaysoffsetby the
reductionin thesizeof theabstraction.Nonetheless,we arguethat
asweprogresstowardlargermodels,refinementminimizationadds
to therobustnessof themethod.

7. Conclusions
Recentabstractionrefinementresearchandadvancesin SAT sol-

vershave led to modelcheckingalgorithmsthat exhibit muchin-
creasedrobustnesson problemswith hundredsof statevariables,
and are beginning to foray into the thousands of variables. The
combinationof decisionproceduresthatcharacterizesthosemeth-
odsraisestheissueof globalversuslocalguidancein thesearchfor
counterexamples.

In this paperwe have shown that significantperformanceim-



provementscanbeachievedby emphasizing globalguidance. For
agivent invariant,ourapproach analyzesall counterexamplesof the
shortestlengthat once.This leadsto higherabstractionefficiency
relative to methodsthatbasetherefinementon theanalysisof one
counterexampleonly. Ourapproach to refinementis scalablein the
sensethat thecomputationof the refinementonly requiresthe ex-
aminationof theabstractmodel. We still needtheconcretemodel
to checkwhetherabstractcounterexamplesarespurious,but in our
experimentsthecostof concretizingmultiplepathswasusuallyless
thanthecostof SAT-basedrefinementprocedures.A practicalless-
eningof theconcretizationcheckproblemmayalsocomefrom an
incrementalapproachlike theoneof [1].

Ourcurrentwork aimsatexploringfurthermechanismsfor global
guidance,in particularwith regardto thetrade-off betweencostand
predictivepower, andthebiasbetweentrying to proveor disprovea
property. Thegranularityof therefinementhasalsogreatimpacton
performance,andoureffortsaredirectedatproviding morecontrol
over thisparameter.

Futurework includeswidening the locality scopeof the setof
refinementcandidates,which is currentlylimited to theimmediate
support of the currentabstraction.We have notedcasesin which
variablesthat arein the support of the local supportgive a better
refinementdueto increaseddeadend split production. We arealso
considering making the definition of abstractionefficiency more
precise,to distinguishbetweentruly successfulrefinementalgo-
rithms, andalgorithmsthat repeatedlypick many poor variables,
andthenrely on refinementminimization. In somecaseswe have
studied,theSAT-basedconflictanalysismethodfalls into this latter
category.
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