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|  Communication complexity of a problem is the minimum amount
of bits that have to be sent between Alice and Bob in order tdveo
the problem with good probability.
Usually, the communication complexity of a problem is exgzed as a
function of the input length
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@ Communication complexity of a problem is the minimum amount
of bits that have to be sent between Alice and Bob in order tdvso
the problem with good probability.

Usually, the communication complexity of a problem is exgzed as a
function of the input length

@ Indexing function:Alice receivex 2 f 0; 1g", Bob receives

@ Multi-round protocol: Bob sends to Alice, she responds witly;; that
costsO (logn) bits.

@ One-way lower boundA single message which would let Bob know
any of n mutually independent bits ok with probability 1=2 + (1)
must contain ( n) bits.

I Therefore,multi-round communication can be exponentially more
e cient than one-way communication
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@ Most classical communication models under investigati@vén
natural quantum analogues.

@ In quantum models, both communication and local operatimighe
parties are governed by thews of quantum mechanics

o All (reasonable) quantum models are at least as strong asrthe
classical analogues.

I Quantum communication channels will be depicted this way:
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| A separation betweemulti-round quantum and classical
communication models was given by Raz [R99].
A separation betweemne-wayquantum and classical models was
given by Bar-Yossef, Jayram and Kerenidis [BJKO0A4].
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communication models was given by Raz [R99].
A separation betweemne-wayquantum and classical models was
given by Bar-Yossef, Jayram and Kerenidis [BJK04].

@ It has been an open question since 1999 whether there existed
communication task easier to solve in the one-way quantumdelo
than in the multi-round classical one

o My result: yes, such task exists

X > y
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|  The separation isexponentigl no superlinear separation was known
before.

The quantum solution is, in factp-error.
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The communication task
1 2

15|38

4,7 12,6

| Integers 1:2n? are placed in am n table, two numbers in every
cell; the columns are indexed:f.
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e Integers 1:2n? are placed in am n table, two numbers in every
cell; the columns are indexed:f.
| Alice's input consists of the elements of the last row.
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The communication task
1 2

15 3,8

147 26

1457 2368

e Integers 1:2n? are placed in am n table, two numbers in every
cell; the columns are indexed:f.

@ Alice's input consists of the elements of the last row.

| Bob's input consists of the elements of each column.
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The communication task
1 2

15|38
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1,457 236,8

e Integers 1:2n? are placed in am n table, two numbers in every
cell; the columns are indexed:f.

@ Alice's input consists of the elements of the last row.

@ Bob's input consists of the elements of each column.

| Bob has to outputa column indexand a number which is orthogonal
to the bit-wise xor of the two elements in the correspondingl of
the last row
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The communication task

1 2
19138 ~7I011
N 17 26 0011? 0011
16,7 1 ’ ’
(- (2;1010) is a valid answer
(2;0001) is another valid answer
1457 (2368 (1;0011) is valid too

e Integers 1:2n? are placed in am n table, two numbers in every
cell; the columns are indexed:f.

@ Alice's input consists of the elements of the last row.

@ Bob's input consists of the elements of each column.

| Bob has to outputa column indexand a number which is orthogonal
to the bit-wise xor of the two elements in the correspondingl of

the last row
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|  The communication problem can be solved by a 0-error quantum
protocol of costO (logn), that will not be described here.

D. Gavinsky (NEC Labs, Princeton) Classical Interaction Cannot Replace a Qual 8/15



Classical Interaction Cannot Replace a Quantum Message
Classical Interaction Cannot Replace a Quantum Mess

@ The communication problem can be solved by a 0-error quantum
protocol of costO (logn), that will not be described here.

| On the other hand, the problem requires n** communication in
the classical multi-round model, as we shall see now.
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Classical Solution is Expensive: The First Reduction

2=0010

6=0110 @
LOlOO? 1010 '

Claim

Assume that a protocol of cost k solves theiginal problemwith small
error. Then another protocol of similar cost solves the 1-versionwith
probability% with small error.
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Classical Solution is Expensive: The Second Reduction

2 =0010
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Claim

Assume that a protocol of cost k solves the1-versionof the problem
with probablllty with small error. Then another protocol of S|m|Iar CoSs
solves thesearchlxl—versmnof the problem with probability—>—>— 7 Iogz(n)
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Classical Solution is Expensive: The Second Reduction

2 =0010

Tezgi(l)g? 1010 0
24 ] " "~.__.w 2.6

Claim

Assume that a protocol of cost k solves the1-versionof the problem
with probablllty with small error. Then another protocol of S|m|Iar CoSs
solves thesearchlxl—versmnof the problem with probability—>—>— 7 Iogz(n)

The proof is combinatorial, technical.
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Complexity of the Searchx1-Version

26

(2.4,
6,/7//” 2 , 6

| To solve the problem with constant probability, we neef n) bits of
communication.
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Complexity of the Searchx1-Version

26

(2.4,
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@ To solve the problem with constant probability, we need n) bits of
communication.

| If we are allowedbnly k bits of communicationwe can nd one
elementof the intersection with probabilityO % ;
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Complexity of the Searchx1-Version

26

(2.4,
6,/7//” 2 , 6

@ To solve the problem with constant probability, we need n) bits of
communication.

o If we are allowednly k bits of communicationwe can nd one
elementof the intersection with probabilityO % ;

2
our chances to ndboth elementsare O &

Another combinatorial proof.
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Lower Bound Summary

| If a protocol of costk solves theoriginal problemwith small error,
then another protocol of similar cost solves the 1-versionwith
probability > with small error.
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Lower Bound Summary

@ If a protocol of costk solves theoriginal problemwith small error,
then another protocol of similar cost solves thie 1-versionwith
probability > with small error.

| If a protocol of costk solves the g1-version of the problem with
probability% with small error, then another protocol of similar cost
solves thesearchlx1-versionof the problem with probability
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Lower Bound Summary

@ If a protocol of costk solves theoriginal problemwith small error,
then another protocol of similar cost solves thie 1-versionwith
probability > with small error.

@ If a protocol of costk solves the g1-version of the problem with
probability% with small error, then another protocol of similar cost
solves thesearchlx1-versionof the problem with probability

1
nk2log?(n)
| The chances of a protocol of cost to solve the searchxl-version
K 2

areO 5
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Lower Bound Summary

@ If a protocol of costk solves theoriginal problemwith small error,
then another protocol of similar cost solves thie 1-versionwith
probability > with small error.

@ If a protocol of costk solves the g1-version of the problem with
probability% with small error, then another protocol of similar cost
solves thesearchlx1-versionof the problem with probability

1
nk2log?(n)
@ The chances of a protocol of cost to solve the searchxXl-version
K 2

areO 5

| This gives us the required 2 ~ n*™ |
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Open Problems

o Is it possible to nd afunctional problem that requires exponentially
more expensive protocol iR than in Q1?

N.B. The question is open both facompleteand for partial functions.
I \Wider" separations?
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