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Shared Entanglement

» We may allow Alice and Bob to share entangled qubits,
denote the corresponding models by R!¢t, Rl.ent,

Shared Randomness vs. Shared Entanglement

» The “classical analogue” of shared entanglement is shared
randomness.

» Newman has shown in 1991 that no communication problem
requires more than O (log n) shared random bits.

» What about shared entanglement?
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Our Results Direct Product Theorem

Our Result: the “entanglement analogue” of Newman's
theorem does not hold

» Low-end: For any t > 2, there exists a problem which can be
solved in O(log®n) communication using log'n qubits of
entanglement in the SMP model.

The same problem requires Q(\/n) communication if shared
entanglement is limited to o(/logt=2n), even in the model of
one-way communication.
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Our Result: the “entanglement analogue” of Newman's
theorem does not hold

» Low-end: For any t > 2, there exists a problem which can be
solved in O(log®n) communication using log’n qubits of
entanglement in the SMP model.

The same problem requires Q(\/n) communication if shared
entanglement is limited to o(/log®~2n), even in the model of
one-way communication.

» High-end: For any € > 0, there exists a problem which can be
solved in O(n'~¢log n) communication using n'~¢ log n qubits
of entanglement in the SMP model.

The same problem requires Q(n'~/?/log n) communication if
shared entanglement is limited to o(n'~%/log n), even in the
model of one-way communication.
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Our Technique

Our Results Direct Product Theorem

Communication problem

» The following problem is defined and analyzed in BJK'04.
HMP ,,

e Alice gets x € {0,1}";
e Bob gets y, a perfect matching on m nodes.
e Output: Any (i,/,x; ® xj), s.t. (i,j) € y.
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Communication problem

» The following problem is defined and analyzed in BJK'04.
HMP,

e Alice gets x € {0,1}"™;
e Bob gets y, a perfect matching on m nodes.
e Output: Any (i,j,x; ® x;j), s.t. (i,j) € y.

» Define k-wise direct product:
HMP(
HMP%) = {((xl, s Xk)s (V15 - Yk ), (21, ..,zk))} , where for all
i€ {1,..,k} it holds that (x;, yi, zj) € HMP,,.
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» The communication cost of HMP, is O (log m) with
entanglement but Q (y/m) without it (BJK'04).
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entanglement but Q (1/m) without it (BJK'04).

» We prove a strong direct product theorem for R! and conclude
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log m
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probability at most 1/2Q<'°€’”>.
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increase the success probability at most by a multiplicative
factor of 2¢.
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log m

. Q=
probability at most 1/2 <‘O%'”).
» We show that adding prior entanglement over e qubits can
increase the success probability at most by a multiplicative

factor of 2°€.

» Therefore the communication cost of solving HMP%() using

o ( k ) qubits of entanglement is Q (kﬁ>
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entanglement but  (y/m) without it (BJK'04).

» We prove a strong direct product theorem for Rl and conclude
that any Rl-protocol of cost o (kvm> solves HMPE,I,() with

log m

k.
probability at most 1/29(\ogm)_

» We show that adding prior entanglement over e qubits can
increase the success probability at most by a multiplicative
factor of 2°.

» Therefore the communication cost of solving HMP%) using

o ( « > qubits of entanglement is 2 <k\%>_

log m log m

» Our entanglement vs. communication tradeoffs follow.
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Preliminaries

» Assume that a communication problem P over X X Y =
{0,1}™ x {0,1}™ is solvable by a protocol of cost c(m).
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Preliminaries

» Assume that a communication problem P over X x Y =
{0,1}™ x {0,1}™ is solvable by a protocol of cost c(m).

» There exists A C X of size almost 2’"*C(m), such that it is
possible to solve P for most of x € A and y € Y by giving an
answer which depends on y only.

> If there exists z(y), such that Pryca[(x,y,2(y)) € P] > po,
we say that y is pg-successful over A w.r.t. P.
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Our Results Direct Product Theorem

Direct product theorem

» Assume that for any set A C X which is sufficiently large, a
random yp € Y is 2/3-successful over A w.r.t. P with
probability at most 1/20.
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Direct product theorem

» Assume that for any set A C X which is sufficiently large, a
random yp € Y is 2/3-successful over A w.r.t. P with
probability at most 1/210.

Moreover, we require that a random zy € Z satisfy that
Prical(x,¥0,20) € P] > 2/3 with probability at most —\Zﬁ210'

» We prove a quantifier-free version of the strong direct product
theorem. Informally, the theorem gives an upper bound of

k
(%) (for sufficiently small 0) on the probability that a

random z € Zk is a valid answer to Pk.
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Direct product theorem

» Assume that for any set A C X which is sufficiently large, a
random yp € Y is 2/3-successful over A w.r.t. P with
probability at most 1/210.

Moreover, we require that a random zy € Z satisfy that
Prical(x,¥0,20) € P] > 2/3 with probability at most —\Zﬁzw-

» We prove a quantifier-free version of the strong direct product
theorem. Informally, the theorem gives an upper bound of

Y
(“’7‘) (for sufficiently small §) on the probability that a
random z € Zk is a valid answer to Pk.

» The probability that there exists a valid answer is at most
|Z|¥ times the probability that a random answer is valid,
which is equal to 6%,
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> HMP%) can be solved exactly in the SMP model using
k log(m) EPR pairs by a protocol of cost O (k log(m)).
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Conclusions

> H/\/IP%() can be solved exactly in the SMP model using

k log(m) EPR pairs by a protocol of cost O (k log(m)).
» Solving the problem with an error bounded by a constant in
> qubits of shared

the one-way model, given only o <|Ogm

k
entanglement requires < ‘g'"

> bits of communication.

» Our protocols use shared EPR pairs, while the lower bounds
apply to any sort of shared entanglement.
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» Can similar results be obtained for a functional
communication problem?
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Open problems

» Can similar results be obtained for a functional
communication problem?

» More communication vs. entanglement trade-offs?
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