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\This is an apple"

The teacher knows whatapplesand orangesare and shares his
valuable knowledge with the student.
In the testing phaseunder thestandard settingthe studentwrites an
essay (hypothesis), explaining how to distinguish apples from oranges.
In the testing phaseunder thepredictive settingthe student
demonstrates ability to distinguish apples from oranges.

I Clearly, standard learnability implies predictive learnability (a
hypothesis can be used as a distinguishing algorithm).
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We allowquantum messagesfrom the teacher.

The student is aquantum algorithm.

Quantum models areat least as strong astheir classical analogues.

A concept classis learnablein a given model if ane�cient algorithm
can play the role of a student.

I Are quantum models stronger than classical?
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In [BJ95] Bshouty and Jackson gave ane�cient algorithm for
quantum PAC learning of DNF formulas{ this is currently not known
to be possible from classical examples (even by a quantum algorithm).

I In [SG04] Servedio and Gortler showed thatfrom the
information-theoretic point of view, classical PAC is not weaker than
its quantum analogue.
On the other hand, they demonstrated aseparation modulo certain
cryptographic assumptions.
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?

\This is an apple"

It is well known thatin any classical learning model, a predictive
learning algorithm can be turned into a standard one.
The argumentdoes not translate to the case of quantum models.
We will show that, indeed,quantum predictive learning is qualitatively
stronger than quantum standard learning.

I Observe thatunconditional separation between quantum and classical
learningwill follows immediately.
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A concept classC is unspeakableif it does not admit e�cient
hypotheses representation, even if one only requires that a hypothesis
approximatesthe target.

More precisely,any concept classH that approximatesC must be of
double-exponential size.

Simple counting reveals thatalmost all concept classes are
unspeakable.
It holds that

I no standardalgorithm (either quantum or classical) can e�ciently learn
an unspeakable class(trivially true);

I no classicalalgorithm can e�ciently learn an unspeakable class;
I unspeakable classes offunctionsare not learnable e�ciently (either

quantumly or classically).

I Therefore,willing to learn unspeakable concepts, we can only hope to
do so for arelationalclass, in aquantum predictivemodel.
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Let N be prime. Every concept in the classC is represented bya
binary string c2 f 0; 1gN .

The set of queries is [N � 1].

A pair (x; cx � cx+ q)2 ZN � f 0; 1g is a valid answerto query
q 2 [N � 1] w.r.t. c 2 C.

We demonstrate thatC is unspeakable { in particular, it is not
learnable classically.

On the other hand,C is e�ciently learnable in PQ.

I This construction has been inspired by a communication problem
de�ned in [KW03] and [BJK04].
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E�cient PQ-learning ofC

I The student receives from the teacher the state
P

(q;x;i )2 c(� 1)i jq; xi
and measures the second register in the computational basis,
obtaining

P
(q;x0;i )2 c(� 1)i jq; x0i =

P
q2 [N� 1](� 1)cx0+ q jq; x0i .
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The state becomes eitherjai + ja + q0i or jai � j a + q0i ,
corresponding toca � ca+ q0 = 0 or ca � ca+ q0 = 1, respectively.

I The student responds with(a; ca � ca+ q0), as required.
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We show thatany h2 H can approximate at most2O(
p

N) =
2O(2n=2) concepts fromC.

As jCj = 2 2n
, it must hold that

jHj � jCj

2
O(2n=2) = 22
( n)

.

I Therefore,C is unspeakable.
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One may considerquasi-unspeakableconcept classes thatadmit
concise hypotheses, but only those that cannot be e�ciently
evaluated.
Our impossibility of separation arguments generalize, implying that
quasi-unspeakable classes are not learnable classically.

I We do not know whether e�cient quantum predictive learning of
quasi-unspeakable functionalconcept classes is possible.
An explicit example would probably require (non-uniform) hardness
assumptions, but might be viewed as a stronger separation between
quantum and classical learning.

Assuming BQP* P=poly , the answer is trivial(let C def= f fLg, for any
L 2 BQP n P=poly) { the goal is to weaken the assumptions.
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