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Non-Interactive NOF Communication Complexity
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Introduction Communication Complexity

Quantum Communication Complexity

Answer
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In the quantum model both communication and local operations of
the parties are governed by the laws of quantum mechanics.

The quantum model is at least as strong as its classical analogue.
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classical multi-party non-interactive NOF communication complexity.

(NEC Labs, Princeton) Quantum and Classical Multi-Party Communication 4 / 13



Our Results

Our Results

We give the first exponential separation between quantum and
classical multi-party non-interactive NOF communication complexity.

(In fact, the first superpolynomial quantum vs. classical separation in

the NOF.)

(NEC Labs, Princeton) Quantum and Classical Multi-Party Communication 4 / 13



Our Results

Our Results

We give the first exponential separation between quantum and
classical multi-party non-interactive NOF communication complexity.

(In fact, the first superpolynomial quantum vs. classical separation in

the NOF.)

◮ For k parties we show a relational communication problem that can
be solved exactly by a quantum protocol of cost O (log n), but

requires classical protocols of cost at least nΩ(1/k
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For k parties we show a relational communication problem that can
be solved exactly by a quantum protocol of cost O (log n), but

requires classical protocols of cost at least nΩ(1/k
2 ), even if we allow

bounded error.

Thus, our separation is superpolynomial as long as

k = o
(√

log n

log log n

)

, and exponential for k = O (1).

◮ Our separation can be viewed as a generalization of a result by
Bar-Yossef, Jayram and Kerenidis [BJK04].
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The input consists of k − 1 indices α1, . . . , αk−1, and a string c of n
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Our Results

The Communication Task

The input consists of k − 1 indices α1, . . . , αk−1, and a string c of n

bits.

The indices jointly determine a perfect matching on {1, . . . , n}.

Each of the first k − 1 players knows k − 2 indices and c , whereas the
k’th player knows all the indices, but does not know c .

The goal is for the k’th player to output a triple (i1, i2, ci1 ⊕ ci2),
where (i1, i2) is an edge in the matching specified by α1, . . . , αk−1.
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Our Results

Communication Complexity of Our Task

◮ The task can be solved by an exact quantum protocol of cost
O (log n).
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Our Results

Communication Complexity of Our Task

The task can be solved by an exact quantum protocol of cost
O (log n).

◮ On the other hand, any classical protocol for k = o
(√

log n

log log n

)

players, solving the problem with constant-bounded error, has to

communicate at least nΩ(1/k
2 ) bits.
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◮ Player 1 (who knows c) sends the quantum state

|γ〉
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Player 1 (who knows c) sends the quantum state

|γ〉
def
=

∑

n

i=1(−1)ci |i〉 to the player k.

◮ Player k determines the matching, based on his portion of input.
Then he performs a projective measurement of |γ〉 in the basis
{|i1〉 ± |i2〉}, where (i1, i2) runs over all edges in the matching.
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Player 1 (who knows c) sends the quantum state

|γ〉
def
=

∑

n

i=1(−1)ci |i〉 to the player k.

Player k determines the matching, based on his portion of input.
Then he performs a projective measurement of |γ〉 in the basis
{|i1〉 ± |i2〉}, where (i1, i2) runs over all edges in the matching.

◮ If the outcome is |i1〉 + |i2〉 then ci1 ⊕ ci2 = 0, and the answer is
(i1, i2, 0).

◮ If the outcome is |i1〉 − |i2〉 then ci1 ⊕ ci2 = 1, and the answer is
(i1, i2, 1).
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Let P be a protocol of cost ℓ solving the problem for k players.

Let t(n) be the total number of matchings in the task definition.
Then the k − 1 indices α1, . . . , αk−1 used to specify a matching are,

approximately, of length log(t(n))
k−1 each.

Each one of the first k − 1 players (who may send a message) can

have only one of (t(n))
k−2
k−1 different possible “views” of the matching.

◮ If we fix c ∈ {0, 1}n, then the total number of messages ever sent by

the first k − 1 players is smaller than k · (t(n))
k−2
k−1 .
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Lower Bound for Classical Protocols (continued)

◮ Fix some c ∈ {0, 1}n. If we “write down” all possible messages ever

sent by the first k − 1 players, we obtain less than ℓ · k · (t(n))
k−2
k−1 bits

of information about c .
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Fix some c ∈ {0, 1}n. If we “write down” all possible messages ever

sent by the first k − 1 players, we obtain less than ℓ · k · (t(n))
k−2
k−1 bits

of information about c .

◮ Observe that the recipient’s only source of knowledge about c are the
messages obtained from the first k − 1 players. Consequently,

ℓ · k · (t(n))
k−2
k−1 bits of information must be sufficient in order to

answer (with high confidence) any one of the t(n) possible questions

about c.
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Fix some c ∈ {0, 1}n. If we “write down” all possible messages ever

sent by the first k − 1 players, we obtain less than ℓ · k · (t(n))
k−2
k−1 bits

of information about c .

Observe that the recipient’s only source of knowledge about c are the
messages obtained from the first k − 1 players. Consequently,

ℓ · k · (t(n))
k−2
k−1 bits of information must be sufficient in order to

answer (with high confidence) any one of the t(n) possible questions

about c.

◮ For any k = o
(√

log n

log log n

)

we construct a family of perfect matchings

that leads to a lower bound.
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Our Results Lower Bound for Classical Protocols

Families of Perfect Matchings

How much knowledge about c is required in order to answer (with

high confidence) t(n) questions, as specified in the task definition?
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Our Results Lower Bound for Classical Protocols

Families of Perfect Matchings

How much knowledge about c is required in order to answer (with

high confidence) t(n) questions, as specified in the task definition?

— (Almost) V /2 bits, where V is the minimum possible number of

vertices in a subgraph spanned by a set of edges, containing a

“representative” from each one of t(n) pairwise disjoint matchings,
corresponding to the possible questions:

Therefore, it should (al-
most) hold that

ℓ · k · (t(n))
k−2
k−1 ≥ V

2 .
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Our Results Lower Bound for Classical Protocols

Lower Bound for Classical Protocols (concluded)

◮ We have seen that ℓ = Ω

(

V

k(t(n))
k−2
k−1

)

.

(NEC Labs, Princeton) Quantum and Classical Multi-Party Communication 11 / 13
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Lower Bound for Classical Protocols (concluded)

We have seen that ℓ = Ω

(

V

k(t(n))
k−2
k−1

)

.

◮ Based on results from extremal graph theory by Lazebnik, Ustimenko
and Woldar [LUW95] and by Bondy and Simonovits [BS74], we
construct a family of perfect matchings satisfying V ≥ (t(n))1−ε and
t(n) ≥ n2ε/3, for (almost) any ε > 0.
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Lower Bound for Classical Protocols (concluded)

We have seen that ℓ = Ω

(

V

k(t(n))
k−2
k−1

)

.

Based on results from extremal graph theory by Lazebnik, Ustimenko
and Woldar [LUW95] and by Bondy and Simonovits [BS74], we
construct a family of perfect matchings satisfying V ≥ (t(n))1−ε and
t(n) ≥ n2ε/3, for (almost) any ε > 0.

◮ Choosing ε
def
= 1

2k , we obtain

ℓ = tΩ(1/k) = nΩ(1/k2).
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◮ Is it possible to find a functional communication task that would give
rise to a similar separation?
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Open Problems

Is it possible to find a functional communication task that would give
rise to a similar separation?

Separation in the interactive NOF setting?

◮ Separation for ω (log n) players?
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