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Abstract

This paper proposes an effective preprocessing proce-
dure for current manifold learning algorithms, such as LLE
and ISOMAP, in order to make the reconstruction more ro-
bust to noise and outliers. Given a set of noisy data sam-
pled from an underlying manifold, we first detect outliers by
histogram analysis of the neighborhood distances of data
points. The linear error-in-variables (EIV) model is then
applied in each region to compute the locally smoothed val-
ues of data. Finally a number of locally smoothed values
of each sample are combined together to obtain the global
estimate of its noise-free coordinates. The fusion process
is weighted by the fitness of EIV model in each region to
account for the variation of curvatures of the manifold. Ex-
perimental results demonstrate that our preprocessing pro-
cedure enables the current manifold learning algorithms to
achieve more robust and accurate reconstruction of nonlin-
ear manifolds.

1. Introduction

Nonlinear manifold reconstruction has been drawing a
surge of interest recently to find the best characterizations
of high dimensional data. Current algorithms, such as lo-
cal linear embedding(LLE) [8] and isometric feature map-
ping (ISOMAP) [9], are derived from the observation that
even though the high dimensional data are nonlinear glob-
ally, they are often smooth and approximately linear in a
local region. Hence the whole manifold is reconstructed
based on the local geometry of each region. However it has
been noted that these algorithms are sensitive to noises and
outliers [1][2]. This is not desirable for real applications
since the real-world data are often contaminated with noise
and outliers due to the imperfect sensors or human mistakes.
For that reason, this paper proposes a preprocessing proce-
dure for current manifold learning algorithms in order to
achieve a robust way of reconstructing the underlying non-
linear manifold.

Three steps are presented in the proposed procedure.
First we analyze the neighborhood distances of each point
to detect the outliers. A local smoothing step is then
performed in each region based on the linear error-in-
variables (EIV) modeling [10] of local structure. In the
linear EIV model, all the points in the region are treated
as noisy and their corresponding noise-free estimates are
obtained from a numerically robust algorithm. Finally we
propose a fusion based step to obtain the global estimate of
noise-free coordinates for each sample from its several lo-
cally smoothed values. The fusion process is weighted by
the fitness of linear model at each local region to account
for the variation of curvatures of the underlying manifold.
By doing so, the effects of high curvature regions are down-
played and more accurate estimate of noise-free coordinates
are obtained.

Extensive experiments are performed to test the effec-
tiveness of our proposed algorithm. The results based on
both synthetic and real data illustrate that all the steps in the
proposed procedure are helpful to reduce noises and iden-
tify outliers during the process of manifold reconstruction.

2. Proposed Approach

We begin with a set of sample points Y = [y1, · · · , yN ],
yi ∈ RD, from a manifold M of intrinsic dimension d <
D. The objective is to find the noise-free estimate ỹi of each
sample yi as well as identify outliers if they exist. Three
steps are presented in this section to achieve the goal.

2.1. Outlier Removal

Given the data set, the K nearest neighbors (K-NN)
search is always performed first to define the local regions
[8][9]. Many reconstruction algorithms, such as LLE, then
apply least squares based linear fitting to discover the lo-
cal structure of each region. However, a least squares based
fitting algorithm is not robust to outliers. As shown in Fig-
ure 1(a), a single outlier will ‘pull’ the fitted line to an un-
desired direction. Although some robust regression tech-
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niques such as M-estimators and S-estimators exist in the
statistics field [6], here we propose a more efficient and fast
outlier detection method based on the data neighborhood
information.
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Figure 1. (a)The effect of outliers; (b)The his-
togram of the s values.

The main observation for outlier detection is that the out-
liers are usually much sparser than inliers. That is, the
distance between the outlier and its nearest patch is much
greater than the distance between two near-by points in the
patch. Therefore, we sort the distances d(yi, yj) between
each sample yi and its neighbors yjs, which have already
been calculated during the K-NN search, and define the lth
smallest value

si = d[l](yi, yj) with yj ∈ N (yi) (1)

where N (yi) represents the K nearest neighbors of yi. The
choice of l depends on the knowledge of outlier distribu-
tions. Large value of l is for the situations that some out-
liers are clustered together to form a small island. Usually
we choose l = 2.

As shown in the Figure 1(b), the s value of the outlier is
much larger than those of inliers. Hence they can be identi-
fied based on the analysis of the histogram of s values. We
calculate the robust mean of sis by the least absolute de-
viation (LAD) location estimator [6], û = med

i
si, and the

robust scale by the median absolute deviations (MAD) [6]
estimator σ̂MAD = c med

i
|si − med

i
si| where c = 1.4826.

Once we get the mean and scale estimate, the outlier is de-
tected if its s value falls more than 4σ̂MAD far away from
the mean.

2.2. Linear Error-in-Variables (EIV) Model

Now consider a set of D-dimensional vectors
y

(i)
1 , · · · , y

(i)
k located in the neighborhood of yi, where

k ≤ K because of the removal of outliers. A local smooth-
ing of those vectors is performed based on the geometry of
local region that comprises the points. For simplicity, we
use y1, · · · , yk to denote those neighborhood points of yi.

In the LLE algorithm, the local geometry is represented
by the weight vector, w = [wi1 · · · wik]�, that best re-

constructs yi from its neighbor points. By minimizing the
following reconstruction error

ε = ‖yi −
k∑

j=1

wijyj‖2 (2)

subjected to
∑

j wij = 1, the LLE obtains the least squares
solution of w.

The equation (2) assumes that all the neighbors of yi are
free of noise, and only the observation yi is noisy. This
is frequently unrealistic since usually all the samples are
corrupted by noise. As a result, the solution of (2) is biased.
To remedy this problem, the error-in-variables (EIV) model
is applied by minimizing

ε′ = ‖yi −
k∑

j=1

wij ŷj‖2 +
k∑

j=1

‖yj − ŷj‖2 (3)

subject to
∑

j wij = 1, where ŷj is the noise-free estimate
of sample yj in the local region surrounding the point yi.

The equation (3) can also be represented as

ε′ = ‖yi − ŷi‖2 +
k∑

j=1

‖yj − ŷj‖2 (4)

taking into account that ŷi =
∑

j wij ŷj . Define the ma-

trices B = [yi y1 y2 · · · yk] ∈ RD×(k+1) and
E = [ŷi ŷ1 ŷ2 · · · ŷk] ∈ RD×(k+1) with D � k
for the common cases where the nonlinear manifold is em-
bedded in a high dimensional space. The problem (4) can
be reformulated as

min ‖B − E‖2 (5)

subject to
Eθ = 0 (6)

where θ = [−1 wi1 wi2 · · · wik]�. From (6) the
rank of E is k. Therefore the estimate E is the rank k
approximation of the matrix B. If the singular value de-
composition (SVD) of B is B =

∑(k+1)
j=1 σjujv�

j with
σ1 ≥ σ2 · · · ≥ σk+1, we obtain the noise-free sample ma-
trix E from the Eckart-Young-Mirsky Theorem [4] [7] as

E =
k∑

j=1

σjujv�
j . (7)

The weight vector w can also be estimated from the SVD
of matrix B. Since our purpose here is to find the local
noise-free estimate E, we do not plan to discuss it in detail.
For an in-depth treatment of EIV model and its solutions,
please see [10]. According to [10], we can also obtain the
first order approximation of the covariance Ĉw of the pa-
rameter w, which is proportional to the estimation of the
variance of noise

σ̂2
n =

σ2
k+1

D − k
. (8)
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2.3. Fusion

Since each sample yi is usually included in the neighbor-
hoods of other points as well as its own local region, it has
several local noise-free estimates obtained from section 2.2.
Given the set of different estimates, {ŷ(1)

i , ŷ
(2)
i , · · · , ŷ

(m)
i }

with m ≥ 1, our goal is to find the global noise-free esti-
mate ỹi of yi from its many local values.

Due to the variation of curvatures of the underlying man-
ifold, the linear model presented in section 2.2 may not al-
ways succeed in discovering local structures. In the local
regions with large curvatures, the noise-free estimate ŷ

(·)
i is

not reliable. Suppose we have the covariance matrix Cj of

ŷ
(j)
i to characterize the uncertainty of linear fitting through

which ŷ
(j)
i was obtained, the global estimate of noise-free

value ỹi can be found by minimizing the sum of following
Mahalanobis distances

ỹi = argmin
ỹi

m∑
j=1

(ỹi − ŷ
(j)
i )�C−1

j (ỹi − ŷ
(j)
i ) . (9)

The solution of (9) is

ỹi =

⎛
⎝

m∑
j=1

C−1
j

⎞
⎠

−1
m∑

j=1

C−1
j ŷ

(j)
i (10)

i.e., the global estimate ỹi is characterized by the covari-
ance weighted average of the data. The more uncertain a
local estimate is (the inverse of its covariance has a smaller
norm), the less it contributes to the result of the global value.

The covariance matrix Cj can be calculated from the er-
ror propagation of the covariance of w. However, since the
dimension of ŷ

(j)
i is high, it is not feasible to use Cj di-

rectly. As an alternative we use the determinant of Cj to
approximate (10)

ỹi =

⎛
⎝

m∑
j=1

|Cj |−1

⎞
⎠

−1
m∑

j=1

|Cj |−1ŷ
(j)
i (11)

where |Cj | is approximated by |Cj | ≈ γσ̂2
n. γ is a constant

and does not contribute to the calculation (11).

3. Experimental Results

Several examples are presented in this section to demon-
strate the effectiveness of our proposed procedure in noise
reduction and outlier handling.

3.1. Noise Reduction

For the ease of visualization, an 1D manifold (curve) is
used in this example. The 400 data points are generated by
g(t) = [t cos(t), t sin(t)]� added with certain amount of

Gaussian noise, where t is uniformly sampled in the interval
[0, 4π]. Figure 2(a) shows the curve under the noise with
standard deviation η = 0.3. Since in this example the data
dimension D(=2) is smaller than the size of neighborhood
K (=12 for this dataset), we use a regularized solution of
EIV model [5] to calculate the matrix E in (7).
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Figure 2. (a)Samples from a noisy 1D man-
ifold; (b)(c)(d)The centered arc length τ vs.
manifold coordinates τ̃ recovered by LLE,
LLE with EIV modeling, LLE with EIV model-
ing and fusion respectively.

The reconstruction accuracy for 1D manifold is mea-
sured by the relationship between the recovered manifold
coordinate τ̃ and centered arc length τ(t) defined as τ(t) =∫ t

t0
‖Jg(t)‖dt, where Jg(t) is the Jacobian of g(t), Jg(t) =

[cos(t) − t sin(t), sin(t) + t cos(t)]�. The more accurate
the manifold reconstruction is, the more linear is the rela-
tionship between τ̃ and τ . Figure 2(b)(c)(d) shows their
relationship curves generated by the LLE algorithm, LLE
with EIV modeling, and LLE with both EIV modeling and
fusion. It is obvious that the LLE with both EIV modeling
and fusion performs better than the other two algorithms.
Note in the LLE algorithm with only EIV modeling, the
global noise-free estimate ỹi is taken as the local smoothed
value from the region that surrounds yi.

Further comparisons of the performance of three algo-
rithms are carried out by some random simulations. The
same manifold is used under different noise levels with stan-
dard deviation η from 0.1 to 1. At each noise level, 100 tri-
als are run. We use the correlation coefficient between the
recovered manifold coordinate τ̃ and the centered arc length
τ , ρ = cov(τ̃ ,τ)√

var(τ̃)var(τ)
, to measure the strength of their lin-
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ear relationship. Figure 3 shows the mean of correlation
coefficient ρ, obtained by LLE, LLE with EIV modeling,
and LLE with EIV modeling and fusion, for 100 trials un-
der different noise levels with standard deviation η from 0.1
to 1. It illustrates that both the EIV modeling and fusion are
beneficial to reducing the noise of data samples.
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Figure 3. Performance comparison.

3.2. Outlier Detection

We generate 1000 3D data points xi in which 990 are
sampled from a 2D Swiss roll that is embedded in 3D space.
The remaining 10 points are outliers, which are marked as
‘*’ in Figure 4(a). We then transform the 3D data xi into
100D vectors by an orthogonal transformation yi = Qxi,
where Q ∈ R100×3 is a random orthonormal matrix. Some
Gaussian noises with standard deviation 0.5 are also added
to the 100D vectors. Our outlier detector identifies 9 of the
10 outliers in this data set. Figure 4(d) shows the 2D coor-
dinates computed by LLE with the outlier detection. Com-
pared with the results of traditional linear methods such as
PCA and the original manifold learning algorithms such as
LLE, as shown Figure 4(a) and (b) respectively, our outlier
detection plays an important role in reconstructing mani-
folds when the data set is corrupted with outliers.

We also apply our outlier identification approach to a real
data set that is generated from a J2EE based web applica-
tion. Each observation in that data set has 400 attributes,
representing the number of interactions (calling relation-
ships) between 20 different components in the application
including Servlets and enterprise java beans (EJB). We gen-
erate 1500 observations during system normal operation,
and 30 failure observations caused by different types of sys-
tem faults such as null call and expected exceptions [3].
Our outlier detection procedure discovers 28 failure obser-
vations from the whole data set with only one false positive.

4. Conclusions

This paper has proposed an effective way of outlier han-
dling and noise reduction for nonlinear manifold recon-
struction. The proposed approach can serve as a prepro-
cessing procedure for current algorithms in order to achieve

−150

−100

−50

0

50

100

150

200

−100 −50 0 50 100 150 200 250 300

−100

−50

0

50

100

150

200

(a) (b)

−2 −1 0 1 2 3

−2

−1.5

−1

−0.5

0

0.5

1

1.5

−1 0 1 2 3

−2

−1.5

−1

−0.5

0

0.5

1

1.5

(c) (d)

Figure 4. (a)Swiss roll with outliers; (b)(c)(d)
2D coordinates computed by PCA, LLE, and
LLE with our outlier detection respectively.

more robust reconstructions of underlying manifolds. The
experimental results have demonstrated the usefulness of
proposed approach.
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