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ABSTRACT
This paper proposes a novel recombination scheme for evolution-
ary algorithms, which can guide the new population generation to-
wards the maximum increase of the objective function. Giventhe
current sample points and their function evaluations, the Shepard’s
interpolation method is used to approximate the underlyingobjec-
tive function in that local region. We then compute the gradient of
the estimated function which in consequence leads to an iterative
process, called themean shift, for searching the local function op-
timum. In each mean shift step, we calculate the weighted mean
of sample points in the kernel window, followed by shifting the lo-
cation of the kernel to the computed mean. Such iterative process
eventually converges to the point at which the estimated objective
function has zero gradient. We use the converged point as theout-
put of our recombination operator. Experimental results show that
such gradient based recombination scheme can improve the effi-
ciency of optimization search in evolutionary algorithms.

Categories and Subject Descriptors
I.2.8 [Computing Methodologies]: Evolution Strategies, Gradient
Search

General Terms
Algorithms, Performance

Keywords
evolutionary computation, recombination, gradient estimation, mean
shift

1. INTRODUCTION
The optimization problem occurs in many application domains

including economics, biology, pattern recognition, and soon. In
general, it requires finding a settingx∗ ∈ R

p of p variables of the
system under consideration, such that a certain objective function
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f : Rp → R is maximized (or, equivalently, minimized)

x
∗ = arg max

x
f(x) . (1)

In many practical situations, the objective functionf(x) is un-
known or not completely given due to limited domain knowledge
[7][9]. To solve those black-box optimization problems, evolution-
ary computation[13] is commonly used. It mimics the phenomenon
of natural evolution to guide the search of optimal solutionthrough
statistics from a pool of samples, calledpopulation. Based on
the stochastic information from previous populations, evolution-
ary computation performs non-deterministic inductions toinfer the
structure of underlying objective functions and thereby generates
the new population towards the optimal region. Eventually it will
discover the function optimum through a number of generations of
populations.

Evolution strategies, one of the main branches of evolutionary
computation, are generally applied to the real valued representa-
tion of optimization problems. As common with evolutionaryal-
gorithms, it is a heuristic population based method in whichthe
newly generated samples are based on certain variation scheme on
the previous sample set. Givenµ individuals at thegth population,
P (g) = {x

(g)
1 , x

(g)
2 , · · · , x

(g)
µ }, the (g + 1)th population is se-

lected fromP (g)’s offspringP ′(g +1) which containsλ individu-
alsP ′(g+1) = {x̃

(g+1)
1 , x̃(g+1)

2 , · · · , x̃(g+1)
λ }whereλ > µ ≥ 1.

Theith offspringx̃
(g+1)
i in P ′(g+1) is usually created by two vari-

ation operators, therecombinationandmutation, on the population
P (g)

x̃
(g+1)
i ← c

(g)
i + v

(g)
i (2)

wherec(g)
i is the recombination unit whose value is determined by

the samples inP (g) andv
(g)
i represents the mutation unit. While

the goal of recombination is to share the information from previ-
ous populations so that the prior knowledge about the structure of
search space can be preserved, the mutationv

(g)
i is to add some

randomness into the new population so that the search process can
have more chances to explore new structures in the search space.

A lot of literatures have been published on the development of
various mutation schemes, ranging from the simple case of using
one standard deviation parameter for all variables [3] to the order of
n2 additional parameters for correlated mutations[8]. On theother
hand, the recombination operator has not received too much atten-
tion in the evolution strategies. The most commonly used recom-
bination scheme is the ‘intermediate recombination’[4], in which
the recombination outputc(g)

i is the weighted average of samples



in the parent population

c
(g)
i =

µ
∑

j=1

wjx
(g)
j (3)

wherex
(g)
j , j = 1, 2, · · · , µ represents thegth population andwj

is the weight of each sample which satisfies
∑µ

j=1 wj = 1. Based
on such intermediate recombination scheme, different waysof de-
termining the weights have been proposed [8][10][2][1]. For exam-
ple, if wj = 1

µ
, thenc(g)

i is the average of all parents. Other choices
of weights are based either on the function evaluations or onthe
rank of function evaluations within the sample population.How-
ever a direct and systematic comparison between different weight-
ing policies has not been reported.

In this paper we propose a new recombination scheme for evo-
lution strategies. Our approach is motivated by the fact that the
direction in which the new population moves should coincidewith
the direction of the local gradient of the underlying objective func-
tion, because such direction always points to the maximum increase
of the objective function. Given the current population andtheir
objective function values, we use Shepard’s interpolationmethod
to estimate the objective function in that region and then compute
the gradient of the estimated function. Through the derivation of
the function gradient, we discover an iterative process to seek the
mode of the local function estimate, which is called the meanshift.
Starting from one of the data points, each mean shift step com-
putes the weighted mean of sample points in its neighborhood(in
the kernel window), and then shifts the location of kernel tothe
computed mean. The iterative shifting of mean is along the esti-
mated local gradient and will eventually converge to the mode of
the estimated underlying function. We use that converged point as
the output of our proposed recombination operator. Experimental
results on some commonly used test functions show that our new
recombination scheme can significantly speed up the search pro-
cess of optimization algorithms due to its property of guiding the
new population generation towards the maximum increase of the
objective function. In Section 2 we will briefly introduce the evo-
lution strategies. Section 3 then presents our proposed recombina-
tion scheme for evolution strategies. The experimental results are
shown in Section 4.

2. EVOLUTION STRATEGIES
Figure 1 presents the general algorithm of evolution strategies,

in which P (g) denotes a population ofµ individuals at generation
g. Its offspringP ′(g + 1) of sizeλ is generated by means of varia-
tion operators on the populationP (g). By evaluating the objective
function for each individual inP ′(g + 1), the evolution strategies
assign a fitness value to each offspring and generate the(g + 1)th
populationP (g + 1) from the setP ′(g + 1) as well as a special
set of individualsQ. If Q is empty, the new population is directly

g = 0 ;
Initialize P (g);
EvaluateP (g);
While not terminate do

P ′(g + 1) = variation(P (g));
EvaluateP ′(g + 1);
P (g + 1) = select(P ′(g + 1) ∪Q);
g = g + 1;

End;

Figure 1: The general algorithm of evolution strategies.

selected fromP ′(g + 1), which is called the(µ, λ)-ES algorithm.
Another common choice ofQ is Q = P (g), in which the new pop-
ulation is selected from the union ofP ′(g + 1) and the previous
populationP (g). Such strategy is called(µ + λ)-ES algorithm.

In the variation process in Figure 1, theµ parentsP (g) createλ
offspringP ′(g+1) by means of recombination and mutation oper-
ators as expressed in equation (2). Here we focus on the recombina-
tion operator. The goal of recombination is to utilize the knowledge
about the structure of search space from parent populationsso that
the new population can be generated more closely to the function
extremes. There are at least two main recombination schemesused
in evolution strategies[4]: thedominantandintermediaterecombi-
nations. The ‘dominant recombination’ performs coordinate-wise
random selection from the corresponding coordinate valuesof the
parent family. That is, the coordinatek of the recombined output is
given by random choice of one of the coordinatek-values from the
parent population. The ‘intermediate recombination’ is some kind
of averaging, in which the recombination output is the weighted
center of mass of samples in the current population shown in (3).
After adding some randomnessv

(g)
i controlled by the mutation op-

erator, the offspring̃x(g+1)
i can be expressed as

x̃
(g+1)
i =

µ
∑

j=1

wjx
(g)
j + v

(g)
i . (4)

A simple way of determining the weightsw1, · · · , wµ in (4) is
to treat them equallywj = 1/µ. In addition to that, several ad-
vanced techniques for determining the weights have been proposed
to improve the efficiency of search process. In [8], Hansen and
Ostermeier proposed a rank based weight selection in which theµ
samples in the population are ranked based on their functioneval-
uations and the weights are determined by the ranks. That is,the
sample with thejth highest function value is assigned with a weight
wj as follows

wj ∝ log(µ + 1)− log(j) . (5)

In [10], Salomon proposed an evolutionary-gradient-search strat-
egy in which the idea of steepest descent is used in the evolution-
ary framework to perform the optimization. The recombination
weights are then chosen to be proportional to the estimated local
gradient of the underlying function. However, the gradientin [10]
is estimated from the difference of function evaluations between
two samples, which may be noisy and unstable. In order to obtain
more accurate gradient estimate, Arnold has analyzed the geomet-
ric features of several function models, such as the sphere and ridge
models [2][1], to determine the recombination weights. However,
such analytical approach is hard to be generalized to other function
models.

3. A NEW RECOMBINATION SCHEME
Our motivation of the proposed recombination scheme is similar

to those in [10][1]. That is, if we can correctly estimate thelocal
gradient of underlying function based on the available samples and
their function evaluations, the generation of new population can be
guided towards the direction of maximum increase of the objective
function. However, rather than using the function differences as in
[10] or analyzing some particular function features as in [1], we
present a more general and stable solution to estimate the function
gradient. We use the Shepard’s interpolation to estimate the under-
lying objective function and then compute the gradient of the esti-
mated function. As a consequence, a new recombination scheme is
developed based on that procedure.



Kernel Form Profile

Uniform KN (u) =

{

1
2

−1 ≤ u ≤ 1
0 x > 1

kn(u) =

{

1 0 ≤ u ≤ 1
0 u > 1

Epanechnikov KE(u) =

{

3
4
(1− x2) −1 ≤ u ≤ 1

0 x > 1
ke(u) =

{

1− u 0 ≤ u ≤ 1
0 u > 1

Gaussian KG(u) = (2π)−1/2e−u2/2 kg(u) = e−u/2

Table 1: The commonly used kernel functions and their related profiles

Given a set of samplesxi, i = 1, · · · , µ and the function eval-
uations at those pointsfis, we seek an estimation̂f : Rp → R
which can approximate the underlying function as closely aspos-
sible. The Shepard’s method is a well-known multivariate interpo-
lation scheme to approximate the scattered data [11]. Its simplest
form is obtained based on a basis functionK(·) and abandwidthh
as

f̂(x) =

µ
∑

i=1

{

K(x−xi
h

)
∑µ

j=1 K(
xj−xi

h
)

}

fi . (6)

While there are a number of ways to select the basis function,in this
paper we consider the basis functionK(u) as the kernel functions
which satisfy the following properties

K(u) = K(−u) ≥ 0 K(0) ≥ K(u) for u 6= 0

K(u) = 0 for |u| > 1

∫ 1

−1
K(u) = 1 . (7)

We rewrite the Shepard’s interpolation (6) in the followingform

f̂(x) =

µ
∑

i=1

wiK
(x− xi

h

)

(8)

in which the weightwi is expressed as

wi =
fi

∑µ
j=1 K

(

xj−xi

h

) . (9)

The even symmetry of the kernel function allows us to define its
profile, k(u) from

K(u) = ckk(u2) (10)

whereck is a normalization constant determined by (7). Table 1
presents three commonly used kernel functions and their corre-
sponding profiles. Among them, it has been shown in [12] that the
Epanechnikov kernel is optimal in the sense of asymptotic mean
square error of the estimated distribution [12]. We then usethe
kernel profile to represent the function estimation (8)

f̂(x) = ck

µ
∑

i=1

wik
(

‖
x − xi

h
‖2

)

. (11)

The gradient of the density estimate is

∇f̂(x) =
2ck

h2

µ
∑

i=1

wi(x − xi)k
′
(

‖
x − xi

h
‖2

)

. (12)

We define the function

g(x) = −k′(x) (13)

assuming that the derivative of the kernel profilek exists for all
x ∈ [0,∞], except for a finite set of points. The functiong(x) is
also a profile sincek(x) is monotonically decreasing withx. Now
usingg(x) for profile, the kernelG(x) is defined as

G(x) = cgg(‖x‖2) , (14)

wherecg is the corresponding normalization constant. The ker-
nel K(x) is usually called the shadow ofG(x) [5]. Note that the
Epanechnikov kernel is the shadow of the uniform kernel.

Introducingg(x) into (12) yields

∇f̂(x)

=
2ck

h2

µ
∑

i=1

wi(xi − x)g

(

‖
x− xi

h
‖2

)

=
2ck

h2

[

µ
∑

i=1

wig

(

‖
x− xi

h
‖2

)

]





∑µ
i=1 wixig

(

‖x−xi
h

‖2
)

∑µ
i=1 wig

(

‖x−xi
h

‖2
) − x





(15)

Note
∑µ

i=1 wig
(

‖x−xi
h
‖2

)

is assumed to be a positive number,
which is easy to satisfy for all the profiles met in practice. The first
item is proportional to the function estimate atx computed with
the kernelG

f̂G(x) = cg

µ
∑

i=1

wig
(

‖
x − xi

h
‖2

)

. (16)

The second term of equation (15)

mG(x) =

∑µ
i=1 wixig

(

‖x−xi
h
‖2

)

∑µ
i=1 wig

(

‖x−xi
h
‖2

) − x (17)

is called themean shiftvector, because it is the difference between
the weighted mean, using the kernelG for weights, andx, the cen-
ter of the kernel (window). From equations (15) and (16), it shows
that at locationx, the mean shift vectormG(x) is proportional to
the normalized function gradient, normalized by the function esti-
mate inx computed with the kernelG

mG(x) =
h2cg

2ck

∇f̂(x)

f̂G(x)
. (18)

Such property of the mean shift vector prompts us to develop the
following recombination scheme for evolution strategies.Starting
from x = xi, i = 1, . . . , µ,

1. Compute the mean shift vectormG(x);

2. Translate the location of kernelG(x) to the weighted mean.
Here we chooseK as the Epanechnikov kernel, thenG is the
uniform kernel and the mean shift vector becomes

mG(x) =

∑µ
i=1 wixi

∑µ
i=1 wi

− x . (19)

After this step, the kernel center moves to

x =

∑µ
i=1 wixi

∑µ
i=1 wi

(20)

3. If mG(x) is larger than tolerance, go to step 1 to perform
mean shift again. Otherwise, go to step 4.



4. Store the point of convergence.

The above iterative process, which we call the mean shift proce-
dure, defines a sequence of successive locations of the kernel G
which is the weighted mean of samples in the kernel window com-
puted with kernelG. It has been shown in [6] that the mean shift
procedure will converge to a nearby point where the estimation of
the underlying function has zero gradient. However, due to numeri-
cal issues theµ mean shift procedures in our recombination scheme
may converge toµ different points. We compute the mean of those
converged points as the final output for the recombination operator.
The new population generated based on our recombination scheme
will then point towards the direction of maximum increase ofthe
objective function.

Note there is a parameterh in the equations (8)-(17), which de-
fines thebandwidthof the kernel window. A good choice of this
bandwidth can be obtained by employing a simple plug-in rule
described in [12]. In this paper we find the k-nearest neighbor
(k = [µ/3]) of each sample in the population and calculate the
average distance between each point to itskth neighbor as the band-
width value.

4. EXPERIMENTAL RESULTS
In this section we consider an evolutionary strategy with co-

variance matrix adaptation(CMA-ES)[8] which represents the state
of the art evolutionary optimization in real-valued function search
space. Compared with other evolutionary algorithms, the CMA-ES
has two distinguished features. First, it uses a covariancematrix
C to represent the shape of mutation distribution, and dynamically
updates the covariance matrix so that it can reliably adapt to an ar-
bitrarily oriented scaling of the search space in small populations.
Second, a path of the time evolution for the learned distribution is
recorded, calledevolution path. Such path contains significant in-
formation of the correlation between consecutive steps. Wepresent
the algorithm of CMA-ES in Figure 2. Note the evolution path is
exploited in two ways. Whilep(g)

c is the evolution path for the co-
variance matrix adaptation procedure, another evolution pathp

(g)
σ

is used to conduct an additional control of step size. The step
size control aims to make the consecutive movement of distribu-
tion mean orthogonal in expectation, which can effectivelyprevent
premature convergence. For the detailed explanation of theCMA-
ES algorithm, see [8].

As shown in Figure 2, the CMA-ES uses the ‘intermediate re-
combination’ as the recombination operator in which the recombi-
nation pointm(g+1) is the weighted mean of selected individuals
x

(g+1)
1:λ , x

(g+1)
2:λ , · · · , x

(g+1)
µ:λ . Here we modify the original CMA-

ES by incorporating our proposed recombination scheme intothe
algorithm. That is, given the individualsx(g+1)

1:λ , · · · , x
(g+1)
µ:λ and

their function evaluations, we apply the mean shift procedure to
seek the mode of underlying function and use that point as the
recombination output. It is expected that such modificationwill
speed up the search process of original CMA-ES algorithm. An-
other change we made is that since the original CMA-ES seeks the
minimum of the objective function, we did some modificationsto
make the modified CMA algorithm searching towards the function
maximum. Such change does not affect the overall performance of
the evolutionary search.

We use three commonly used functions, the sphere function,
the Rosenbrock’s function, and the Rastrigin’s function totest and
compare the performances of our modified CMA-ES and the origi-
nal CMA algorithm. Table 2 presents the expression of those three
test functions. While the sphere model is the easiest and probably
most widely used test function, the problem of Rosenbrock’sfunc-

Initialization
Set evolution pathp(0)

σ = 0, p(0)
c = 0;

Set covariance matrixC(0) = I;
Set step sizeσ(0) and the distribution meanm(0).

For generation g = 0, 1, 2, · · · until stopping criterion met
Sample new population of search points

x
(g+1)
k ∼ N (m(g), (σ(g))2C(g)) for k = 1, · · · , λ

Selection and recombination
m(g+1) =

∑µ
i=1 wix

(g+1)
i:λ ,

∑µ
i=1 wi = 1, wi > 0

Step size control
p

(g+1)
σ = (1 − cσ)p

(g)
σ +

√

cσ(2 − cσ)µeff C(g)−1/2 m(g+1)−m(g)

σ(g)

σ(g+1) = σ(g) exp

{

cσ
dσ

(

‖p
(g+1)
σ ‖

E‖N (0,I)‖

)

}

Covariance matrix adaptation
p

(g+1)
c = (1 − cc)p

(g)
c +

h
(g+1)
σ

√

cc(2 − cc)µeff
m(g+1)−m(g)

σ(g)

C(g+1) = (1 − ccov)C(g) + ccov
µcov

(

p
(g+1)
c (p

(g+1)
c )T

)

+

ccov

(

1 − 1
µcov

)

∑µ
i=1 wi

(

x
(g)
i:λ

−m(g)

σ(g)

)(

x
(g)
i:λ

−m(g)

σ(g)

)T

Figure 2: The CMA-ES algorithm.

tion is that its optimum is located in a vary narrow valley which
is difficult to follow. The Rastrigin’s function is the hardest model
among three functions because of its multimodal nature. Forall the
three functions, the number of variables are twenty (p = 20), and
the range of each variable is limited between−5 and5.

Name Function

Sphere
∑p

i=1 x2
i

Rosenbrock’s function
∑p−1

i=1

[

0.1(x2
i − xi+1)

2 + (1− xi)
2
]

Rastrigin’s function
∑p

i=1

[

x2
i − 88cos(2πxi) + 88

]

Table 2: The functions used for the testing.

We compare our modified CMA with two original CMA algo-
rithms having different weight selections in the recombination op-
erator: 1) the equal weight selection; 2) the rank based weight
selection expressed in equation (5). For the modified CMA, the
negative of the input function is input to the algorithm because
it searches for the maximum of the objective function. Afterthe
search process is completed we remove the negative in the results so
that they can be compared with the results from the original CMA
algorithms.

For each test function, we run the optimization algorithm 100
times and use the averaged results for comparison. In each trial,
the evolution algorithm generates 80 populations sequentially with
each population containing 32 samples. We record the best func-
tion evaluation obtained so far for each generation. Figure3 plots
such best function evaluations averaged from 100 trials. The dot-
ted line in the figure represents the curve generated by the original
CMA with intermediated recombination and equal weights. The
dash dotted line denotes the results of original CMA with interme-
diated recombination and rank based weight selection. The solid
line represents the best function evaluations produced by our mod-
ified CMA algorithm.

Figure 3(a) plots the performance curves of three optimization
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Figure 3: The best function value produced at each generation by three optimization algorithms tested on (a) the Sphere function;
(b) the Rosenbrock’s function; and (c) the Rastrigin’s function.

algorithms for the sphere test function. Due to the convex nature
of the sphere function, all three algorithms converge to zero which
is the optimal point of the objective function. However the con-
vergence speed of the CMA algorithm with intermediate recom-
bination and equal weights is the slowest among the three algo-
rithms. On the other hand, our modified CMA algorithm converges
to the function optimum significantly faster than the other two algo-
rithms due to the new recombination scheme embedded in the algo-
rithm. The testing results for the Rosenbrock’s function isplotted
in Figure 3(b). In this case the original CMA algorithms withtwo
different weight selections show similar performance in the opti-
mization process. Both of them converge to the function optimum
slower than our modified CMA algorithm. Figure 3(c) plots the
performance of three algorithms for the Rastrigin’s function. Since
that test function is multimodal, all three algorithms havenot dis-
covered the global function optimum, although the solutioniden-
tified by our modified CMA is slighter better than the other two
algorithms. In addition, our modified CMA algorithm converges
slightly faster than the other algorithms.

Based on the results from three test functions we see that our
proposed recombination scheme can improve the performanceof
evolution strategies, especially for the increase of search efficiency
during the optimization process. Such property is helpful in some
time critical situations for function optimization, in which only a
limited number of generations (say 20) is allowed for the optimiza-
tion algorithm to run. In that case, our proposed algorithm can get
significantly better results than other evolutionary algorithms.

5. CONCLUSIONS AND FUTURE WORK
This paper has proposed a new recombination scheme to improve

the efficiency of the search process in evolutionary algorithms. We
have used the Shepard’s interpolation to estimate the underlying
objective function given each population of samples and their eval-
uations, and then computed the gradient of the estimated function.
As a consequence, a mean shift procedure has been discoveredto
iteratively search the local optimum of the function. We usethe
converged point of mean shift as the recombination output, and
have shown that such recombination can guide the generationof
new population towards the direction of maximum increase ofthe
objective function. Experimental results based on three commonly
used test functions have demonstrated the improvement of search
efficiency by our proposed recombination scheme.

Compared with the commonly used intermediate recombination,
our proposed recombination scheme requires more computations.
It is well suited for some expensive black-box optimizationtasks,

in which the function evaluation requires much more resources than
the optimization part. For example, in the process of identifying the
best configurations of computing systems [9], it would take around
20 minutes to evaluate one configuration sample because we need
to restart the system, initialize the workload, and vary theworkload
to mimic the behavior of real system users. In that case, the com-
putation time of our new recombination operator can be neglected
compared with the time spent on evaluating each sample. However,
as our future work, we plan to improve the current recombination
algorithm to reduce the computation cost as much as possiblewhile
keeping the current good performance.
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