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ABSTRACT

We have developed a general framework, called a Process Query System (PQS), that serves as a foundation for
formulating tracking problems, implementing software solutions to tracking problems and understanding theo-
retical issues related to tracking in specific scenarios. The PQS framework posits that an environment consists of
multiple dynamical processes. Processes have states, state transitions (deterministic, nondeterministic or proba-
bilistic) and observables related to state occupancy. Examples of such dynamical processes are nondeterministic
automata, Hidden Markov Models and classical state space models. We define a tracking problem as the inverse
problem of determining the processes and process states that explain a stream of observations. This paper de-
scribes a quantitative concept of trackability by considering the rate of growth of state sequences of a process
model given a temporal sequence of observations. Recent formal results concerning this notion of trackability
are summarized without proof. Complete proofs of the various results are contained in a technical report by the
authors and cited in the bibliography.
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1. INTRODUCTION

Many problems in homeland security and national defense reduce to the detection and identification of multiple
dynamical processes based on a sequence of sensor observations. We have been investigating a variety of appli-
cation problems using this approach over the past two years. In our approach, such problems involve detecting
processes that are defined by states, state transitions and observables related to the states. We have developed a
powerful modelling and algorithmic framework, called Process Query Systems (PQS), to solving a wide variety
of such problems.

The PQS framework has been applied to problems involving computer network security,1–3 autonomic
computing,4, 5 insider threats,6 tracking using sensor networks and UAVs,7–9 social network analysis10 and
motion tracking using infrared video.11 Additional material about the PQS approach and its applications is
available at www.pqsnet.net.1–16 We believe that one remarkable aspect of this corpus of work is the breadth and
relative performance achievable by using a common algorithmic framework across several different application
areas that superficially appear to be quite different from each other.

Table 1 below summarizes several application areas we have investigated together with the dynamical pro-
cesses and data sources that arise in them. Details of the various applications can be found in papers referenced
in the bibliography. In this paper, we briefly summarize some analytic issues that arise in tracking processes,
with a specific focus on quantitative concepts of trackability. An expanded version of this paper, with details of
proofs and other examples can be found in a report by the authors.17
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2. A FRAMEWORK FOR GENERIC TRACKING PROBLEMS

In order to describe the generic tracking framework, we introduce several simple concepts. Let G = (V, E)
be a finite directed graph and AG be the vertex adjacency matrix corresponding to the directed edges in E.
We identify the graph G with an automaton in which the vertices represent states and directed edges are the
allowable state transitions. Transitions from a state to itself are allowed so that AG can have nonzero diagonal
entries. Moreover, there is a finite set, Φ, of possible observable events related to the automaton and a mapping
L : V → 2Φ of states to subsets of events. The automaton transitions from state to state according to the
allowable transitions determined by E. When the automaton enters a state, say v, one of the events contained
in L(v) ⊆ Φ is generated and observed.

For the purposes of this paper, we consider a specific type of dynamical process, called a weak model to be a
nondeterministic automaton defined by a quadruple, W = (V,E, L,Φ), with the following properties:

• corresponding to each state (vertex), v ∈ V , is a finite set of possible outputs, L(v) ⊆ Φ, which are not
necessarily unique to that state; that is, L(v) ∩ L(v′) 6= ∅ is possible;

• when occupying a state, the underlying automaton generates exactly one of the possible outputs associated
with that state which an external observer can detect.

We call such a formalism a weak model. Extensions probabilistic process models are possible and we discuss
those briefly at the end of this paper.

A single observation, ξ ∈ Φ, of W determines a set of possible states, HW (ξ), trivially defined by HW (ξ) =
{v|ξ ∈ L(v)}. The set HW (ξ) is a collection of hypotheses about which state the automaton was in when ξ was
observed. A pair of consecutive observations, ξ0ξ1, determines a set of pairs of states according to

HW (ξ0ξ1) = {v0v1 | v0 ∈ HW (ξ0), v1 ∈ HW (ξ1) and (v0, v1) ∈ E}.

This allows a recursive construction of hypotheses for longer sequences of consecutive observations as follows.
Suppose ZT = ξ0ξ1...ξT−1ξT are T + 1 consecutive observations of W . Then

HW (ZT ) = { v0v1...vT | v0v1...vT−1 ∈ HW (ZT−1), vT ∈ HW (ξT ) and (vT−1, vT ) ∈ E}.

The cardinality of the set HW (Z) is denoted by hW (Z).
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Figure 1: Process Detection in Various Application Areas.

Our concept of trackability has to do precisely with the growth of this hypothesis set, namely the growth of
hW (Z). If it is constant or slow growing, we consider the problem of determining the state sequences trackable
while if the growth is exponential, the process is untrackable.



One weak model, W ′ = (V,E′, L′,Φ) is a noisy version of another weak model, W = (V,E, L,Φ), written
as W ≤ W ′ if L(v) ⊆ L′(v) for all v ∈ V and E ⊆ E′. This notion of noise corresponds to the usual intuitive
concept of noise in the sense that an observation, say ξ, is associated with a set of states of W ′ which are always a
superset of the states of W that can be associated with ξ, since for every state v ∈ V , ξ ∈ L(v) implies ξ ∈ L′(v)
due to the inclusions L(v) ⊆ L′(v). Additionally, the condition E ⊆ E′ states that the legal state transitions of
W are a subset of the state transitions allowed in W ′ so that W is a more specific model than W ′.

Evidently, if W ≤ W ′ then if follows from the definitions that HW ⊆ HW ′ for all observation sequences
because W has more restrictive state transitions and observation-to-state associations.

One of the main results of this paper is that hW (Z) = |HW (ZT )|, the cardinality of the set HW (ZT ),
grows either polynomially or exponentially in T and this property can be efficiently decided. Note that for
W ≤ W ′, we must have hW (ZT ) ≤ hW ′(ZT ), so that the number of hypotheses relative to a sequence of models
is monotonically increasing as the models get noisier in the sense of our definitions above. Accordingly, if we
have a family of weak models, say W ≤ W (1) ≤ W (2) ≤ ... ≤ W (k), our results show that there is an abrupt
change in the worst case growth rate of hypotheses, from polynomial to exponential, as the models get noisier.
This abrupt change is a kind of phase transition in the modelling process.

Our main motivation for using weak models arises in applications in which the basic framework is similar to
that of Hidden Markov Models but without the underlying probabilistic assumptions. That is, in weak models,
state transitions and output-state associations are simply possible or not, as in state machines, but the outputs
are associated with states as in an HMM, and not with state transitions (edges) as in the usual definition of a
state machine. We will use “outputs” and “observations” synonymously, in the sense that the model produces
an output while externally that output is an observation detectable by an observer.

A weak model as defined above is equivalent to a nondeterministic finite automaton (NDFA) with at most
a polynomial growth in the number of states and state transitions. Another difference between weak models
and the usual definition of finite state machines is that there are no initial or accepting states in a weak model.
This minor difference allows observation of the automaton to start at any time, not just when the automaton is
initialized and to continue indefinitely. In other words, all states of weak models can be considered initial states
and none are accepting states. Specific relationships between weak models, nondeterministic finite automata,
deterministic finite automata and other constructs are outlined in previous work.18

3. SENSOR NETWORK EXAMPLES

The framework described above applies to a simple version of tracking an object, say a vehicle or person, using a
network of sensors for example. Figures 1, 2 and 3 are used to illustrate the example. The reader is encouraged
to consider how these simple ideas apply to other domains as well. Our interest in this problem arose from the
study of effectively using weak models for detecting and tracking processes in a variety of applications such as
computer security,1 autonomic computing4, 5 and object tracking using sensor networks.8 Examples showing the
effects of process dynamics (the state machine model) and sensor coverage on hypothesis growth are developed
in the Appendix.

In this simple tracking application, the states simply correspond to three rooms and the system is in one of
the three states if an object (a person for example) is currently in the corresponding room. If a person is in
Room 2, for example, the system is in state s2 and so on.

Figure 1 also shows the sensor coverage which determines the possible observations that correspond to each
state. In Sensor Coverage α, the observation will be 0 if the object is in states s1 or s2 and the observation will
be 1 if the object is in state s3. In Sensor Coverage β, the observation is a 1 if the state is s2 and 0 otherwise.

Using the notation introduced above, we have Lα(s1) = Lα(s2) = {0} and Lα(s3) = {1} while Lβ(s1) =
Lβ(s3) = {0} and Lβ(s2) = {1}.

Figure 2 shows two possible kinematic models for the object moving between the three rooms. In model G,
the object must move between adjacent rooms at each time step. In model H, the object can stay in rooms 1
and 2 indefinitely or can move from room 1 to room 2, room 2 to room 3 or room 3 to room 2. The object
cannot stay in room 3 and cannot move from room 2 to room 1 in model H.
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Sensor Coverage α, the sensor detects presence in state s3 (room 3) and in Sensor Coverage β, the sensor detects presence
in state s2 (room 2). The sensors report a 0 if no object is present and a 1 if an object is present (in each of the
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Figure 2. There are two dynamical models, G and H, that define the allowed movement between states (rooms) of the
state space.
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These two kinematic models combined with the two sensor models lead to four weak models as depicted in
Figure 3, namely WGα, WGβ ,WHα and WHβ .

Now consider an observation, 0, in each of the four weak models. We have hypothesis sets: HWGα(0) =
{s1, s2},HWGβ

(0) = {s1, s3},HWHα(0) = {s1, s2} and HWHβ
(0) = {s1, s3}. Suppose that two consecutive 0’s are

observed. We then get hypothesis sets:

HWGα(00) = {s1s2, s2s1}, HWGβ
(00) = { } = ∅,

HWHα(00) = {s1s1, s1s2, s2s2}, HWHβ
(00) = {s1s1}.

Similarly, HWGα
(1) = {s3},HWGβ

(1) = {s2},HWHα
(1) = {s3},HWHβ

(1) = {s2} and

HWGα(10) = {s3s2}, HWGβ
(10) = {s2s1, s2s3},

HWHα(10) = {s3s2}, HWHβ
(10) = {s2s3}.

In this article we are concerned about the worst-case growth of the hypothesis sets HW . By inspection, note
that

|HWGα
(0t)| = |{s1s2..., s2s1...}| = 2, |HWGβ

((01)2t)| = |{s1s2s1..., s1s2s3..., ..., s3s2s3...}| = 2t, (1)
|HWHα

(0t)| = |{s1s1s1...s1, s1s1....s1s2, s1s1...s1s2s2}| = t, |HWHβ
(01t)| = |{s1s2....s2, s3s2s2...s2}| = 2(2)

where at for a string a means repeating the string t times. The hypothesis growth in these cases is either constant
(namely 2), polynomial (namely t), or exponential (namely 2t/2). The reader can verify that a model like WHα

but with k additional rooms like s1 and s2 for which the object can either stay in a room or move to rooms only
on the right leads to a worst-case polynomial growth of order k. Such an example is worked out in more detail
in the Appendix.

It is useful, for an understanding of the matrix formulation that follows below in this paper, to develop the
matrix operations underlying the different hypothesis growths.



The kinematic models G and H can be represented by state transition matrices (or equivalently node-node
adjacency matrices) AG and AH :

AG =




0 1 0
1 0 1
0 1 0


 , AH =




1 1 0
0 1 1
0 1 0


 .

The ijth entry of these matrices is 1 if a transition from state i to state j is possible in the model and 0 if
the transition is not possible. Additionally, the sensor report to observation relationships in Figure 1 can be
summarized similarly by

Iα(0) =




1 0 0
0 1 0
0 0 0


 , Iα(1) =




0 0 0
0 0 0
0 0 1


 , Iβ(0) =




1 0 0
0 0 0
0 0 1


 , Iβ(1) =




0 0 0
0 1 0
0 0 0


 .

These matrices have a 1 in the ith diagonal position if the observation could have been generated while the
system is in state i and a 0 in the ith diagonal position otherwise.

The relationship between the number of hypotheses and these matrix representations goes as follows. Suppose
that we are dealing with the kinematic model G and the sensor coverage α and that we observe the sequence
of t + 1 observations ξ0ξ1ξ2 . . . ξt. Let 1 = [111]T denote the column vector of all 1’s. Having observed ξ0, the
possible states are 1T Iα(ξ0) where state si could have generated that observation if the ith coordinate of the
product vector is 1 and state si could not have generated that output if the ith coordinate is 0. Now if we next
observe ξ1 then the possible states are determined by 1T Iα(ξ0)AGIα(ξ1).

In general, let zGα(ξ0ξ1ξ2 . . . ξk) be the row vector whose ith coordinate is the number of hypotheses (that
is, possible state sequences) that end in state si and that are consistent with the observations ξ0ξ1 . . . ξk. Then

zGα(ξ0ξ1ξ2 . . . ξkξk+1) = zGα(ξ0ξ1ξ2 . . . ξk)AGIα(ξk+1) = 1T Iα(ξ0)




k+1∏

j=1

(AGIα(ξj))


 .

A recursive argument easily establishes that if zGα(ξ0ξ1ξ2 . . . ξk) is as claimed, then zGα(ξ0ξ1ξ2 . . . ξk)AG is
a row vector representing the number of state sequences consistent with ξ0ξ1 . . . ξk as propagated to the next
time step. Multiplying that vector by Iα(ξk+1) on the right merely selects the state sequences that are further
consistent with the observation ξk+1. These operations can be thought of as a prediction step followed by a
filtering step, not unlike what is used in Kalman Filtering for continuous state space filtering.

As an example, consider again model G and sensor coverage α and suppose we observe the sequence 000.
Then the number of hypotheses consistent with those observations is given by the expression




1
1
1




T 


1 0 0
0 1 0
0 0 0







0 1 0
1 0 1
0 1 0







1 0 0
0 1 0
0 0 0







0 1 0
1 0 1
0 1 0







1 0 0
0 1 0
0 0 0


 =




1
1
0




T

= zGα(000).

Similarly, if we use the kinematic model given by H, then the number of possible state sequences, or equivalently
hypotheses, is given by




1
1
1




T 


1 0 0
0 1 0
0 0 0







1 1 0
0 1 1
0 1 0







1 0 0
0 1 0
0 0 0







1 1 0
0 1 1
0 1 0







1 0 0
0 1 0
0 0 0


 =




1
3
0




T

= zHα(000).

In each case, the ith coordinate of the resulting vector is a count of the number of hypotheses which are consistent
with the given observations and end in the ith state. For example, given the observations 000, there is only
one state sequence in model WHα that ends in state s1, namely s1s1s1 while there are three consistent state
sequences that end in state s2, namely s1s1s2, s1s2s2 and s2s2s2. There are no consistent state sequences that
end in state s3 because then the last observation would have had to have been a 1 not a 0.



The total number of hypotheses (possible state sequences) is clearly given by z1. Moreover, letting AG(ξj) =
AGIα(ξj) we see that the number of hypotheses is given by

hWAGα
(Zt) = |HWAGα

(ξ0ξ1 . . . ξt)| = 1T Iα(ξ0)
t∏

j=1

AG(ξj)1.

Evidently, the number of hypotheses consistent with an observation sequence is related to the matrix norm of
a product of matrices drawn from a finite set of 0-1 matrices, namely the possible AG(ξj) as determined by the
kinematics of the underlying model and the associated sensor coverage. It should be noted that, in the general
case, if the underlying state space has n states, then the total number of possible matrices of the form AG(ξj) is
2n since there are 2n possibilities for I(ξ), namely all possible 0-1 possibilities for the diagonal entries.

3.1. An Application to Noisy Sensor Networks
For the purposes of this example, a sensor network is a collection of sensors each of which detects physical signals
in the environment in which they are deployed. For simplicity, suppose the sensors are binary meaning that they
only report either a 0 or a 1 at each sampling time instant, depending on whether they detect a signal in their
neighborhood or not. For example, the sensor network could consist of acoustic microphones deployed in some
geographical region. A single microphone sensor will report a 0 if it detects no acoustic signal (thresholded
typically) and a 1 if it does. At each sampling instant, the sensor network consisting of this collection of m
simple microphones reports a binary m-vector with as many coordinates as there are sensors.

The set of possible binary vectors is {0, 1}m and the set of subsets of possible binary vectors is similarly
denoted by 2{0,1}m

. Now suppose that a vehicle is moving through the region where the sensor network (micro-
phones) is deployed. The vehicle’s engine and tires make sounds that the microphones may or may not detect
depending on their proximity to the vehicle and the local topography and ground cover, among other things.

Suppose that the region is discretized into n cells with each cell corresponding to a state of the vehicle in
this model. The possible movements between these states then determines the dynamics of the model, namely
the possible state transitions in a given time interval. The state space and associated dynamics are described by
G = (V,E).

The mapping, L, of the n states to the 2{0,1}m

subsets of possible observations effectively associates a subset
of possible sensor reports with each state of the model (in this example, the discretized location of the vehicle) .
This abstraction captures the overall properties of the sensor network and vehicle model in this example .

Under ideal conditions, we could expect each state to be uniquely identified by an m-tuple bits, that is the
mapping L associates a subset consisting of a single binary vector with each state. This would correspond to a
noiseless sensor network in the sense that there is a one-to-one correspondence between the states of the system
(vehicle location) and possible sensor observations. Noise can flip some bits in the observed binary m-vector. In
such a case, the mapping may no longer be one-to-one.

Suppose we allow k bits to be flipped in this way, corresponding with noise in the measurements, where
0 ≤ k ≤ m. The resulting models, Mk, form a hierarchy of weak models, each noisier than the other.

More formally, consider a weak model M = (V,E, L, 2{0,1}m

) where G = (V, E) is a directed graph capturing
the kinematics of the underlying system and L :→ Φ is a mapping function that assigns a set of binary m-uples
to each state: L : V → 2{0,1}m

. In ideal conditions (no noise), |L(v)| = 1, for all v ∈ V , and L(u) ∩ L(v) = ∅,
for u 6= v. We add noise by allowing k or fewer bits to flip in the m-tuple during the reporting of the sensors.
Noise level k means that for each state u ∈ V , the set Lk(u) = {y ∈ {0, 1}m | dH(L(u), y) ≤ k} is the set of
m-tuples that can be reported by the sensor network when the system is in state u. Here dH(x, y) is the standard
Hamming distance between binary m-vectors x and y.

For each noise level, k, we now have a mapping function, Lk : V → 2{0,1}m

, according to Lk(u) defined above,
for all u ∈ V . By varying the noise level k we obtain an ordered sequence of weak models W0 ≤ W1 ≤ . . . ≤ Wm

where Wk = (V,E, Lk, 2{0,1}m

) is a noisy version of Wk−1 = (V, E, Lk−1, 2{0,1}m

), in the sense made clear before,
and W0 is the model in ideal conditions. According to the various concepts we have introduced, we must have
that hW0(t) ≤ hW1(t) ≤ ... ≤ hWm(t).
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Figure 4. a) The transitions to exponential growth can be very abrupt (left). b) Transitions to exponential growth can
be gradual, transitioning through a polynomial growth region (right).

Moreover, one of the main results of this paper implies that there is some noise level, k∗, for which hWk
(t)

grows polynomially in t if k < k∗ while hWk∗ (t) grows exponentially in t. It might be that k∗ = 0 or k∗ = m+1,
namely that all such models have hypothesis growth rates that are either all polynomial or all exponential.

We can also vary the sampling rate at which the sensor network reports its observations. This can change the
possible state transitions of the underlying kinematic model. In particular if we reduce the sampling frequency,
the system might be able to transition between states many times between consecutive sensor readings. This
means adding new transitions to the kinematic model. Conversely, increasing the sampling frequency might
remove some possible transitions and introduce the possibility of staying in the same state between sensor
samples whereas that might not be possible at a lower sampling frequency.

For the sake of simplicity, let us assume that we can only decrease the sampling frequency in integer quantities:
that is, decrease the sampling by 1/2, 1/3, ... from the original given timed kinematics with the understanding
that decreasing the sampling rate by 1/s allows the system to make as many as s transitions allowed in the
underlying kinematic model, G = (V, E). We will simply say that the sampling rate is s if a sample is taken only
every s time steps so that there are s possible state transitions in the underlying state machine.

Varying the sensor noise and changing the sampling rate as above creates a family of weak models doubly
indexed by the noise level, k, and by the sampling rate, s. This collection of weak models is partially ordered
according to the notion of noisy models we introduced above. Note,

Wk,s ≤ Wk′,s′ if and only if k ≤ k′ and s ≤ s′ .

With the sampling frequencies discretized and interpreted this way, the partial order is a lattice where the
minimum is determined by the model with noise level 0 and with the fewest possible number of transitions;
whereas the maximum is represented by a fully connected (directed) graph whose states can emit all the possible
m-tuples.

Figures 4a and 4b show how the number of hypotheses can grow both as a function of time, represented by the
different lines in each graph with the number of hypotheses at different times with represented by a different line
and increasing time generally corresponding to higher lines in the plot, and the Hamming Distance noise metric
as defined in the text on the horizontal axis. The vertical axis is the number of hypotheses. Accordingly, each
line, going from left to right depicts the growth in the number of hypotheses, for a fixed time, as the Hamming
Distance noise measure increases. These examples were taken from randomly generated weak models. A random
but legal observation sequence was generated and then the total number of consistent hypotheses was computed
for that observation sequence.



4. THE JOINT SPECTRAL RADIUS AND STATE SEQUENCE GROWTH

Let A be a matrix and σ(A) be its spectrum. The spectral radius of A is defined by

ρ(A) = max{|λ| | λ ∈ σ(A)} .

The Joint Spectral Radius19 is a generalization of this concept to a set of matrices and is based on the
following well known identity: ρ(A) = limn→∞ ‖An‖ 1

n for any norm. Let Σ be a finite set of matrices
in Rn×n. Then the Joint Spectral Radius ρ(Σ) is defined by ρ(Σ) = lim supk→∞ ρk(Σ) where, for k ≥ 1,
ρk(Σ) = sup{‖A1A2 · · ·Ak‖1/k : Ai ∈ Σ} . Furthermore, if the norm satisfies ‖AB‖ ≤ ‖A‖ · ‖B‖ (that is,
an induced norm) then for all k ≥ 1∗, ρ(Σ) ≤ ρk(Σ) and so ρ(Σ) = limk→∞ ρk(Σ) . Another natural gen-
eralization of the notion of spectral radius for a set of matrices is the Generalized Spectral Radius which is
defined as ρ(Σ) = lim supk→∞ ρk(Σ) where ρk(Σ) = max{ρ(AkAk−1 · · ·A1)1/k : Ai ∈ Σ} . It can be shown that
ρk(Σ) ≤ ρ(Σ) for all k, 20 and that for any finite set of matrices Σ, ρ(Σ) = ρ(Σ).21

The inequalities ρk(Σ) ≤ ρ(Σ) = ρ(Σ) ≤ ρk(Σ) can be used to approximate the Joint Spectral Radius to
arbitrary precision. However the crucial problem of determining whether ρ(Σ) ≤ 1, for the case of matrices with
real or rational entries was shown to be undecidable by Blondel and Tsitsiklis22 who reduced to it the empty
word problem in Probabilistic Automata theory, which was previously known to be undecidable .23, 24 The
critical case is ρ(Σ) = 1 because no matter how close the approximations are, it is not possible to definitively
conclude that ρ(Σ) = 1 . Additionally, the computation of approximations is a hard computational problem as
was demonstrated by Tsitsiklis and Blondel also25, 26:

Theorem 4.1 (Tsitsiklis and Blondel).

Unless P = NP , the Joint Spectral Radius ρ({A,B}) of two (0, 1)-matrices cannot be approximated by any
algorithm that takes as input A, B and a relative error ε and returns a result within relative error ε and running
in time polynomial in the size of Σ = {A,B} and in the size of ε: log(1/ε).

Let M = (V, E, L, Φ) be a weak model and let Zt be a sequence of t + 1 observations. Let A = AG

be the adjacency matrix of the kinematic specification, G = (V, E), of the state machine M , and let A(Zt) =
I(ξ0)

∏t
j=1 A(ξj) as in the example given previously. Then, as defined in the introduction, the number of possible

consistent hypotheses is given by

hM (Zt) =
∑

i,j

eT
i I(ξ0) ·A(ξ1) · · ·A(ξt)ej = 1T A(Zt)1 = ‖A(Zt) · 1‖1 .

Noting that the 1-norm is an induced norm, we have

hM (Zt) = ‖A(Zt) · 1‖1 ≤ ‖A(Zt)‖1 · ‖1‖1 ≤ ‖A(Zt)‖1 · n ≤ n
(
‖A(Zt)‖1/t

1

)t

≤ n(ρt(Σ(Φ)))t

where Σ(Φ) = {A(ξ) | ξ ∈ Φ} ∪ {I(ξ) | ξ ∈ Φ} which we abbreviate to Σ for simplicity.

We now describe a useful lower bound. Let A′(ZT ) =
∏T

i=0 AGI(ξi).

Lemma 4.2.

Let r be any n-vector with positive entries, and A be any n by n (0, 1)-matrix. Then 1T r ≥ 1
n1T Ar.

Lemma 4.3.

Let A′(ZT ) =
∏T

i=0 AGI(ξi). Then h(ZT ) ≥ 1
n · ‖A′(ZT ) · 1‖1

See the full paper for details of the proofs.17

Now, recalling the definition of the ∞-norm of a matrix:

‖A‖∞ = max





n∑

j=1

|ai,j | : 1 ≤ i ≤ n



 ,

∗Note that the values ρk(Σ) in general depend on the norm while the limiting value does not.



the fact that in our case all matrix entries are nonnegative, and Lemma 4.3 it must be that

h(ZT ) = ‖A(ZT ) · 1‖1 ≥ 1
n
· ‖A′(ZT ) · 1‖1 =

1
n
· ‖A′(ZT )‖∞ ≥ 1

n
· ρ(A′(ZT )) .

And so we have 1
n (ρ(A′(Zt))1/(t+1))t+1 ≤ h(Zt) ≤ n(ρt+1(Σ))t+1 and taking the max over Σt+1 we obtain the

inequalities
1
n

ρt+1(Σ)t+1 ≤ h(t) ≤ n(ρt+1(Σ))t+1 (3)

or equivalently 1
nρt(Σ)t ≤ h(t − 1) ≤ n(ρt(Σ))t for any t ≥ 1. The reader can verify that maxZt{ρ(A′(Zt))} =

maxAj∈Σ{ρ(
∏t

j=0 Aj)} . For t very large ρt(Σ) approaches ρ(Σ) from above and ρt(Σ) approaches ρ(Σ) from
below, independently of the norm.

It is evident that the growth of the number of hypotheses, hM (t), depends on whether the Joint Spectral
Radius of Σ is less than or greater than 1. When it is strictly smaller than 1, the number of hypotheses is
bounded from above by a quantity decreasing exponentially in t and must therefore be exactly 0 since hM (t)
is always a non-negative integer. When the Joint Spectral Radius is strictly larger than 1, hM (t) has a lower
bound that grows exponentially in t to infinity.

The difficult case therefore is when the Joint Spectral Radius is exactly 1. If ρ(Σ) = 1, the inequalities in (3)
do not provide enough information, because of the indeterminacy in the upper bound. Specifically, the upper
bound in (5) has a factor of the form w(t)t where w(t) is decreasing to 1 and t is increasing to infinity.

For example, the number of hypotheses may remain bounded. This is the case when there is a one-to-one
relationship between states and observations. Then each matrix A(ξ) has exactly one nonzero column. In such
cases, ρ(A(ξ)) = 1, for all ξ and so ρ(Σ) ≤ 1 since the product of two matrices whose only nonzero entries are in
one single column is again a matrix whose only nonzero entries are in one single column. Also, it is clear that
ρt(Σ) = 1 for all t. Accordingly, the inequalities in (5) effectively bound hM (t) by a constant.

We now develop an example where hM (t) is not bounded although ρt(Σ) → ρ(Σ) = 1 in the limit. Let
M = (V, E, L, Φ) be the weak model defined by the adjacency matrix AG given below, where G = (V,E), and
the mapping is defined by L : {1, 2} → {0, 1}, L(i) = {0, 1}, i = 1, 2:

AG =
[

1 1
0 1

]
.

Then

At
G =

[
1 t
0 1

]

and so we can see immediately that hM (t) = ‖At · 1‖1 = t + 1 which means that the number of hypotheses
grows polynomially. On the other hand it is also true that ‖At

G‖1 = t + 1 and ρt(AG) = ‖At
G‖1/t

1 = (t + 1)1/t →
1 as t →∞ . That is, the Joint Spectral Radius in this case is exactly 1.

We saw in the previous section that the case ρ(Σ) = 1 is critical and can correspond to models with unbounded
hypothesis growth.

We now summarize a series of results about the trackability for a weak model M :

a) Either hM (t) = O(p(t)), for a polynomial p, or hM(t) = Ω(2ct), for c > 0. Moreover
hM (t) = O(p(t)) if and only if ρ(Σ) ≤ 1.

b) The question “hM (t) = O(p(t)) versus hM (t) = Ω(2ct)” is efficiently Turing-decidable.

c) The question “hM (t) = Θ(tk), k ≥ 1, versus hM (t) = O(1)”, in the case ρ(Σ) ≤ 1, is also efficiently Turing-
decidable.



Proofs of these results can be found in a technical report by the authors.17

The statement in a) about the nonexistence of intermediate rates of growth was actually proved independently
by Bell27 on the more general domain of semigroups of complex matrices and using sophisticated algebraic
techniques. Our results, based on simpler graph-theoretic and combinatorial arguments, though applicable only
to the restricted domain of (0, 1)-matrices, are stronger in that they lead to efficient algorithms to decide the
questions in b) and c).

Recent work by Blondel, Jungers and Protassov28 has described an efficient algorithm for determining the
rate of the polynomial growth, not merely the fact that the growth is polynomial.

Extensions of these results to probabilistic models is forthcoming. For example, consider the correspondence
between a weak model, W , as defined in this paper and the class of Hidden Markov Models, say M, which
have nonzero transition and emission probabilities corresponding to precisely the transitions (edges) and state-
to-observation relations in the weak model. We have established the fact that hW has polynomial growth if and
only if the Shannon entropy, H(M) = 0, for every HMM M ∈M. That result will be appear shortly.
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